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1. Introduction and statement of theorem. Throughout this
note G is an N-semigroup and the operation is written additively.
We use the same terminology and notations as in (1). H(G)de-
notes the set of all R -valued homomorphisms on Gand H(G ) de-
notes the subspace of the R-vector space Hom( G, R) generated by
H+( G), whereR is the real number field and R is the additive semi-
group of all positive real numbers. A base of H((G) contained
in H+( () is called a base of H '7( G) and we define dim G= dimRH( G)

PropPoSITION 0. Let G be an N-semigroup. The following cond:-
tions are equivalent:

(1)  For any distinct x, ye G therve exist zeG and a positive in-
teger m such that eithey mx—= my +z or my= mx+ 2.

(2) dim G=1 and G is embedded in R,.

(3)  Every homomorphism on G intoany N-semigroup is injec-
tive (i. e. G has no N-congruence except the identity congruence).

The equivalence of (1) and (2) is proved in (1), Theorem 10,
and the equivalence of (1) and (3) is proved in (3), Proposition
2.2. An N-semigroup satisfying the conditions of Proposition 0 is
called linear (Tamura calls it irreducible). A homomorphism f
= H(G) is called irreducible if the image f(G) is linear. A base
(f.) of H(G) is called irreducible if every f, is irreducible. It
is known that any N-semigroup G has an irreducible homomor-
phism feH+( G) (see [2) and (3)). The purpose of this note is to
prove

THEOREM A finite dimensional N-semigroup has an irveducible
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base. Therefore a finite dimensional affine N-semigroup'™'is isomor-
phic onto a subdivect sum of a finite number of linear N-semigroups.

2. Unitary subsemigroups of an N-semigroup. A subsemi-
group G’ of an N-semigroup G is called unitary iff xc G’ and x+ vy G’
for y <G implies vy G

PROPOSITION 1. Let G' be a unitary subsemigroup of an N-semi-
group G and let i. G'— G be the inclusion map. Then G'is itself
an N-semigroup and the induced R-homomorphism i . H(G)— HG
is surjective. Therefore AimG’ <dim G.

PROOF . Since G’ isunitary, nx=y+ zfor x, yeG and for zcG
implies ze G. This shows that G'is archimedean, so it is an N-
semigroup. Next, for every /e H ( G') the pair (G, f) satisfies the
condition (#) in (1), §6.  Therefore every fcH (G') is extensi-
ble to G, thus i*: H(G) — H(G') is surjective.

Let Sbe a subset of . <S> denotes the smallest unitary sub-
semigroup of G containing S. Let G' be a unitary subsemigroup
of Gand let xeG. It is easy to see that dim <G, x> < dim G'+1.
Now, let ) be afamily of all unitary subsemigroups of dimension
rof G. Using Zorn’s lemma we have

PROPOSITION 2. If )}, @, then}) has a maximal element.

Let G’ be a maximal element of 3] . Then G'has the proper-
ties (1) dimG'=7and (2) dim <G, x>=7+1 for any x< G\G "

COROLLARY. Let G be an N-semigroup with dimension r and let
r=zr'=1.  Then theve is a unitary subsemigroup of G with dimension
7.

3. Proof of Theorem. We begin with the case of dimension 2.
Let G be an N-semigroup of dimension 2. Let x, v« G and x~+y.
Then there exist g, g,« H (G) such that g (x)=g,(x)=1 and g,(»)<

™As to affine N-semigroups see (1), §8.



Irreducible Bases of N-semigroups 11

g,(y). Letm,m,n,n, be positive integers such that g,(y) < m,/n,
<m,/n,<g,y). Inthe same way as in the proof of (1], Lemma
4, we have two homomorphisms f, f,eH(G) such that m  f(x)
=n, f(y), m,f,(x)=mn,f,(y)and f,(x)=F(x). From these inequali-
ties f; and f, are non-degenerate, hence they are irreducible since
dim G=2. Thus (f, f,) is an irreducible base of G.

In the general case the proof is proceeded by inductionondimgG.
In order to do this it would be enough to prove the following two
lemmata.

LEMMA 1. Let G' be a unitary subsemigroup of G and let fcH

(G') beirreducible.  Then there exists an trreductble homomorphism
feH (G) such that flg- =/

LEMMA 2. Let G' be a unitary subsemigroup of a finite dimen-
sional N-semigroup G such that dim G'=dim G-1 and let f-H (G") be
irveducible. Then there exist two distinct irrveducible homomorphisms
fi and f, in H(G) such that f,| ;.= 1|5 =F

PrOOF OF LEMMA 1. By Proposition 1, f is extensible to a
ho momorphism fEH+(G). Let ge H+(f( ()) be an irreducible homo-
morphism. Since f{ G') is linear, g| ., =7 forsome 7R, where
i AG") — R _is the inclusion map. ~ Then f:%fogeH+( G) is a de-
sired homomorphism.

PRrOOF OF LEMMA 2. Extend f to a homomorphism f;H+( G).
Assume that fis not irreducible. We see dim f{ G) =2 since dim
AG")=1. Therefore there exists an irreducible base (g, g,) on
AG). For the same reason as in the proof of Lemma 1, we have
gl =7niand g,l,,, =7for some 7,7e<R. The homomor-

Phisms fl—: }/Tf;gl and ]j :17 f; g satisfy the conditions of the lemma.
2

4. ProBLEM. Does an infinite dimensional N-semigroup have
an irreducible base?

Faculty of Education
Tokushima University



12 Yuji Kobayashi

References

(1) Y.Kobayasi, Homomorphisms on N-semigroups into R, and the structure
of N-semigroups, J. Math. Tokushima Univ. 7(1973)1-20.

(2) T.Tamura, N-congruences of N-semigroups, J. Algebra, 27(1973)11- 30.

(3} ————, Irreducible N-semigroups (to appear in Math. Nachrt.).



