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Coupled oscillator systems with nonlinear characteristics have shown some
interesting phenomena and brought improvements to natural science and
fundamental research.

It is known that two oscillators coupled with an inductor excite two different
modes: In-phase single-mode and anti-phase single-mode which both coexist
for some range of parameter values when each negative resistor within the
oscillator has third-power nonlinear characteristics. Fifth-power oscillator

'systems excite four different modes: Zero-mode, in-phase single-mode,

anti-phase single-mode and double-mode, which also coexist.

However, studies in the higher-order than fifth-power oscillator systems
such as in the seventh, ninth, eleventh and Nth-power oscillator systems have
not vet been reported.

In this study, we clarify the relationship between multimode oscillations and
the degree of order of nonlinear characteristics. In particular, we investigate
some phenomena in oscillator systems in detail by numerical calculations and
theoretical analyses for seventh, ninth and eleventh-power oscillator systems.
And circuit experiments are also done for the seventh-power oscillator
éystems. Finally, we conclude the relationship between multimode oscillations
and Nth-power noniinear characteristics from the research results.

As a result, we confirmed the multimode oscillations by the actual analysis
as follows:

1) 2 in-phase, 2 anti-phase single-modes and 2 double-modes .

2) zero-mode, 2 in-phase, 2 anti-phase single-modes and 4 double-modes

3) 3 in-phase, 3 anti-phase singie-modes and 6 double-modes
in the seventh, ninth, and eleventh-power oscillator systems, respectively,
coexisted and were stably excited.

From these results, we showed the relationship by conjecture as follows:

1) jin-phase, j anti-phase single-modes and j%-j double-modes

2) zero-mode, j in-phase, j anti-phase single-modes and j? double-modes
for Nath and Npth-power oscillator systems, respectively (wherej =1, 2, ..., N,
= 4j-1, Np = 4j+1).
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Coupled oscillator systems with nonlinear characteristics have shown some interesting
phenomena and brought improvements to natural science and fundamental research. One
of the Iinteresting phenomena is synchronization. Hence, some studies of synchronization
phenomena have been reported in physical and biolegical systems.

Other studies have also been reported in electrical systems as follows.

It is known that two oscillators coupled with an inductor (or a capacitor) excite two
different modes: In-phase single-mode and anti-phase single-mode which both coexist for
some range of parameter values when each negative resistor within the oscillator has
third-power nonlinear characteristics. Fifth-power oscillator systems (the coupled
oscillators with fifth-power noniinear characteristics) excite four different modes:
Zero-mode (non-oscillation), in-phase single-mode, anti-phase single-mode and
double-mode, which coexist for some range of parameter values. The double-mode is an
anomalous oscillation in relatively simple circuits and means that two single-modes
(in-phase and anti-phase) oscillate, simultaneously and asynchronously. Other types of
double-modes (multifrequency: in-phase and out-of-phase) have been reported. They have
aimed to apply multifrequency patterns to active array antenna systems. Qur work can
provide the double-mode oscillation in a very simple circuit model and therefore contribute
to the active array antenna fields, Furthermore, many variations of the coupled osciliator
systems made by increasing the number of oscillators or changing coupled elements and
structures have been investigated. In some-of these oscillator systems, the double-mode
has also been reported.

We investigated ninth-power oscillator systems and reported that three types of
double-mode oscillations were stably excited. However, we have now found that more than
three types of double-mode oscillations are stably excited in this study. Furthermore, we
mention the relationship between the number of different amplitude modes and high order
ascillator systems which could not be reported in former studies.

In this study, we investigate some phenomena in coscillator systems in detail by
numerical calculations and theoretical analyses for seventh, ninth and eleventh-power
oscillator systems. And circuit experiments are also done for the seventh-power oscillator
systems. Finally, we conclude the relationship between multimode oscillations and
Nth-power (N=2m+1, m=1,2,..) nonlinear characteristics from the research results.

In chapter 2, we propose a circuit model. This circuit model consists of two van der Pol
oscillators with Nth-power nonlinear characteristics coupled with an inductor. We also set
up general circuit equations with Nth-power nonlinear characteristics from this model.
These circuit model and equations can apply to chapters 3-6,

In chapter 3, we investigate multimode oscillations in the seventh-power oscillator
systems by numerical calculations, circuit experiments and theoretical analyses in detail.
We also confirm that these multimode oscillations are stably excited when changing the
parameter values for the oscillator systems. We find some different oscillation modes in
the seventh-power oscillator systems compared with those in the fifth-power oscillator
systems.

In chapter 4, on the basis of the oscillation modes in third, fifth and seventh-power
oscillator systems, we also investigate multimode oscillations in the ninth and
eleventh-power oscillator systems by numerical calculations and theoretical analyses. We
also find some different results in those oscillator systems. We make preparations for
materials in order to consider the regularity for Nth-power oscillator systems.

In chapter 5, we predict the relationship between the multimode oscillations and
Nth-power nonlinear characteristics from the results of chapters 3-4, explaining the
physical reason for these phenomena. In particular, we discuss the reason of the increase
for the oscillation modes while increasing the number of order of nonlinear characteristics.

In chapter 6, we investigate multimode oscillations in the thirteenth and fifteenth
oscillator systems by numerical calculations to confirm if our conjecture in chapter 5
agrees with the results for higher than eleventh-power osciliator systems.

Finally, in chapter 7, we summarize the relationship between multimocde oscillations and
the degree of order of nonlinear characteristics and consider our future studies.
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