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Abstract

We extend the theorem by Olmsted (1945) and Carlitz-Thomas (1963)
on rational values of trigonometric functions to powers of trigonometric
functions.
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1 Introduction

Throughout the paper, we denote the ring of rational numbers by Q, the ring
of real numbers by R, the set of positive rational numbers by Q- and a mth

root of unity by ¢, :=e€ # Olmsted [4] and Carlitz-Thomas [2] determined
all rational values of trigonometric functions.

Theorem 1 (Olmsted (1945), Carlitz-Thomas (1963)). If 0 € Q, then the only
possible rational values of the trigonometric functions are:

1
sin (70), cos (70) = 0, iﬁ’ +1; tan(wf) =0, £1.

By this Theorem 1 and well-known facts

1 270 1

_ 1Heos@m0) ) = — L
2 cos (7))

we have the following result immediately.

cos (m0)? =

Corollary 2. If 0 € Q and cos (7r9)2 € Q, then the only possible values of the
trigonometric functions are:

1 1 1
sin (70), cos (76) = 0, :I: , E— :i:\/g +1; tan(wf) =0, :I:ﬁ7

; +1, +V/3.
V2
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In this note, we prove Theorem 3 and Theorem 4, which are generalizations
of Theorem 1 and Corollary 2.

Theorem 3. If N > 3 and « is a positive rational number such that a%, . ,ozNA7
Q, then for any positive integer m, we have
Vo & Q(¢n).-

In particular, there is no 6 € Q such that cos (70), cos (w0)?, ..., cos (x0)N ' ¢
Q and cos (1) € Q (resp. tan (70), tan (70)°, ... tan ()N ¢ Q and
tan (70)" € Q).

Theorem 4. If there exists a positive integer n and 6 € Q such that cos (m0)" €
Q (resp. tan(m0)" € Q), then the only possible values of the trigonometric
functions are:

0, 1, +1 (n : odd)

. 1
0, :I:i27 :I:%7 :I:?, +1 (n: even) (1)

sin (70), cos (70) = {
resp.
0, 1 (n : odd)

. 2
0, :l:%, +1, V3 (n: even) 2)

tan (7d) = {

We note that one can easily verify the above theorems using the fundamental
properties of Galois theory as in the following sections. But we could find no
proof of these facts in print, and hence it will be of some interest to write down
the proofs of these facts.

2 Preliminaries

To prove Theorem 3 and Theorem4, we list some fundamental facts of the
cyclotomic fields and Kummer extension in this section. First we mention the

Galois group Gal(Q(¢,)/Q) (see [3]).

Lemma 5. The degree of the cyclotomic extension Q((,) over Q is [Q(¢y) :
Q] =p(n) = {1 <a<n|ged(a,n) =1} and its Galois group Gal(Q(¢,)/Q)

T @~ GaQG)/Q) A Q) - Q)

w w w w
c — Te ~ Cn = Te(Cn) == (5

In particular Gal(Q(¢,)/Q) is an abelian extension, and its subfields L D Q
are Galois and abelian extensions over Q.
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Under the following, let « be a positive rational number such that

n

ar,...a" " ¢Q (3)

and K := Q(/a, ().

Proposition 6. (1) The binomial polynomial ™ — « is irreducible over Q and
[Q(¥/a): Q] = n.
(2) For any n > 2, we have /o & Q((,).

Proof. (1) We consider the following decomposition of the binomial polynomial:

n

2" —a =[] - ¥ad) = fi()fi(2) (4)
i=1
where I, J are subsets of [n] := {1,2,...,n} such that
n]=IUJ, I#0, J#0, INnJ=0 (5)

and

fi(@) = [J(= - ¥ag) =2l + -+ (~)a's [ ¢ € Qlal,

i€l el
fr(x):= H(x — Yoy =2+ 4 (—1)’”04% H ¢ € Qlx].
jedJ jeJ

If 2™ — « is reducible over Q, then there exist I, J C [n] such that satisfy the
condition (5) and fr(x), fs(z) are rational coefficient polynomials. Since the

constant term of f,;(z) is real, the product [],; ¢J is real and ‘HjeJ ¢l=1

[1¢ =+

jeJ

Thus we have

From the assumption o ¢ Q, the constant term of f;(z)
(—Dma™ [[ ¢ = £(-1)ma™
jeJ

is irrational. It is a contradiction.
(2) Assume {/a € Q(¢,). Then we have the contradiction

n=[Q(Va):Ql < [@(@):@Mo(mnH(l;) o
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Lemma 7. (1) If n = p is a odd prime, then the binomial type polynomial P —«
is wrreducible over Q((,) and [K : Q((,)] = p. Its Galois group Gal(K/Q) is

Z/pZ x (Z/pZ)* =~ Gal(K/Q ~ K — K
w w w w
L) o o A Ya o o(Ya) =G

H
Cn — . D
(0,¢) = Te ~ {a —  1(¢a) = a
G =

In particular, 1.0 = 0°7. and for n > 3 the Galois group Gal(K/Q) is non-
abelian.
(2) For any n > 3, the Galois group Gal(K/Q) is non-abelian.

Proof. (1) We consider the factorization (4) 2P — a = fr(z)fs(x) again. By
ged(|I],p) = 1 and ged(]J],p) = 1, Q(a%) and Q(a%) contain {/a. Hence,
from Proposition 6 (2), a7 and o7 are not contained in Q(¢p). Therefore
the binomial polynomial z? — « is irreducible over Q({,) and [K : Q((,)] = p.
(2) When a odd prime p divides n, K contains a non-abelian Galois extension
Q(¥/«, ¢p) over Q, so the Galois group Gal(K/Q) is non-abelian. If n = 2™
(m > 2), then K contains a non-abelian Galois extension Q(/a,(4) over Q

and Gal(K/Q) is also non-abelian. O

Remark 8. Lemma 7 (1) is not true in general. For example, when n = 8 and
a = 2 the polynomial 2® — 2 is reducible over Q((g) even though 25, ey 2% are
irrational. In fact

2 —2= (' — V(@ +V2) = (2 — G- G F G+ G

3 Proof of Theorem 3

Assume there exists N > 3, o € Qs¢ and a positive integer m such that
a%,...7a¥ ¢ Q and
Va € Q(Gm)-
Then
Q( V) € QGm)-
Although Q( ¥/a) is not a Galois extension over Q, K is a Galois extension
over Q and

K C Q(Gm: ¢n) € QGmn)-

Further the field K is a subfield of Q((,,n) and the Galois group Gal(K/Q) is
a normal subgroup of Gal(Q((nn)/Q):

Gal(K/Q) < Gal(Q(¢m) /Q) ~ (Z/mNZ)*
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However the Galois group Gal(K/Q) is non-abelian. It is a contradiction. Then
for any positive integer m,

Vo & Q(¢n).- (6)
For the above N > 3 and positive rational number o € Q~, assume there
exists # € Q such that

cos () = V.
By 6 € Q, there exists a positive integer m such that
Va = cos (m0) € Q(Gn)-
For N > 3, it is contrary to (6). For tan (76), one can prove similarly.

Remark 9. From Theorem 3, there is no cyclotomic field over Q containing
nth root of a positive rational number a with {/a € Q, for any n > 3. On the
other hand, from Gauss sum’s formulas [1]

(1++/~1)y/m (m=0mod4)
e 2 1441 " _Jym (m = 1mod4)
et - s v = o)
V—1ym (m = 3mod4)

G=V-1, G+ =V2,

there exists a positive integer m such that \/a € Q((,), for any a € Q.

4 Proof of Theorem 4

Since the proof of (2) is similar to (1), we only prove (1). The cases of n =1
and n = 2 are Theorem 1 and Corollary 2 respectively. For n > 3, the following
three cases are possible:

1) cos (70) € Q and cos (70)* € Q,

2) cos () € Q and cos (70)° € Q,

3) cos () € Q and cos (70)° & Q.
In the case of 1), from Theorem 1 and Corollary 2, the possible values of cos (70)
(or sin (7)) are 0, =1, +1. Similarly, for the case of 2), the possible values of
cos (mf) are :t%, :I:g. Finally, the case of 3) is impossible from Theorem 3

(1). Then we obtain the conclusion (1).
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