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Abstract

In this paper we show that, if ¢ : [0, 00) — R is operator monotone on [0, o)
with g (0) =0, A > 0 and there exist positive numbers d > ¢ > 0 such that the
condition dly > B — A > cly > 0 is satisfied, then

Al _ g 1Al +C)} 1

A-w<A>B-w<B>z{g

AT T4l +e
(1Bl -9 a(1B])
Z[um—c um%H>0

and

A'g(A) - B 'g(B)

>C< g(Al) —  gld+[lA]) — g (IAlD
RN A PEVIDR Yl d(d+ [ Al)

>1H20.

Some applications for particular functions of interest are also given.
2010 Mathematics Subject Classification. Primary 47A63; Secondary 47A60.

1 Introduction

Consider a complex Hilbert space (H, (-,-)). An operator T is said to be positive
(denoted by T' > 0) if (T'z,z) > 0 for all z € H and also an operator T is said
to be strictly positive (denoted by T > 0) if T is positive and invertible. A real
valued continuous function f(¢) on [0,00) is said to be operator monotone if
f(A) > f(B) holds for any A > B > 0.

In 1934, K. Lowner [6] had given a definitive characterization of operator
monotone functions as follows, see for instance [1, p. 144-145]:
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Theorem 1 A function f : [0,00) — R is operator monotone in [0,00) if and
only if it has the representation

f(t):f(0)+bt+/oo 5 dm (s) (1)

0 t+8

where b > 0 and a positive measure m on [0,00) such that

s
d .
/0 T m(s) < 0o

We recall the important fact proved by Lowner and Heinz that states that
the power function f : [0,00) — R, f () =t is an operator monotone function
for any a € [0,1], [5]. Also the function In is operator monotone on the open
interval (0,00). Let f(t) be a continuous function (0,00) — (0,00). It is known
that f(t) is operator monotone if and only if g(t) = ¢/f(t) =: f*(¢) is also
operator monotone, see for instance [3] or [7].

Let A and B be strictly positive operators on a Hilbert space H such that
B—A>mlyg >0.In 2015, [4], T. Furuta obtained the following result for any
non-constant operator monotone function f on [0, c0)

F(B) = f(A) = [f (A +m) = f(1AD] 1 (2)
> [fABID = £ UB] = m)] g > 0.

If B> A>0, then

1

FB =) = |f{IAl+ T | = 0D s @)
227

v

FABID = £ { 1Bl =

o
(CRR

Y

1y > 0.

The inequality between the first and third term in (3) was obtained earlier
by H. Zuo and G. Duan in [9].

By taking f(t) = ¢", r € (0,1] in (3) Furuta obtained the following refine-
ment of the celebrated Lowner-Heinz inequality

r T

B —A > ||A|+H(B_1A)_1H
- 1 '
W3—HM—W%MAH 1y >0

— 1A} 1a (4)

v

provided B > A > 0.
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With the same assumptions for A and B, we have the logarithmic inequality
4]

1

mB-mA> |In||A|+——7 | -
&7

In ([|A]) | 1 ()

1
n([|B}) =In { |Bl = m———77 | | 1u >0

(CREN

v

Notice that the inequalities between the first and third terms in (4) and (5)
were obtained earlier by M. S. Moslehian and H. Najafi in [8].

Motivated by the above results, in this paper we show that, if g : [0,00) — R
is operator monotone on [0, 00) with ¢ (0) = 0, A > 0 and there exist positive
numbers d > ¢ > 0 such that the condition dlg > B— A > c¢ly > 0 is satisfied,
then

A™'g(A) - B 'g(B) > {9(|A”) B g (||A] +c)} "

Al Al +e
g(1Bl ¢ g(BI)
>[ EErE] }1”0

and
A7lg(A) - B lg(B)

(—oWAD g+ A — g (Al
2o (a2 Ay ) o

Some applications for particular functions of interest are also given.

2 Main Results

We start with the following lemma that is of interest in itself.

Lemma 2 Assume that g : [0,00) — R is operator monotone on [0,00). Then
the function f :(0,00) — R,

ft) === (6)

is operator monotone on (0,00). If g (0) = 0, then f (t) = —g (t)t~ ! is operator
monotone on (0,00).

Proof. Since g is operator monotone on [0, 00), then there exists b > 0 and w
is a positive measure satisfying

<A
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such that [1, p. 144-145]

g(t):g(O)—O—bt—b—/Omtj\r—t)\dw()\). (7)

We have for ¢ > 0 that

h(t) ::M—bz/oww%dwu)

t

Therefore for all A, B >0
h(B) - h(A) = /oo B+ - (At am ). @®
0

Let T, S > 0. The function g(t) = —t~! is operator monotonic on (0, 00),
operator Gateaux differentiable and the Gateaux derivative is given by

g(T+15) —g(T)
t

Vor (5) =l | | =57 o)

for T, S > 0.

Consider the continuous function g defined on an interval I for which the
corresponding operator function is Gateaux differentiable and for C, D selfad-
joint operators with spectra in I we consider the auxiliary function defined on
[0,1] by

gop (t)=g((1—-t)C+1tD), te0,1].

Then we have, by the properties of the Bochner integral, that

1 1
9(0)=9(C)= [ Glaco®it= [ Voupeun D=0yt (0)

If we write this equality for the function g (t) = —t~! and C, D > 0, then we
get the representation

cl-Dtl= /1 (1=t C+tD) " (D—-C)((1—t)C+tD) " dt.  (11)

Now, if we replace in (11) C' = B+ Aly and D = A+ Ay for A > 0, then we
get

(B+Mpg) " — (A4 Ag)" (12)

_/1((1 —8)B+tA+Mpg) " (A—B)((1—t) B+ tA+ Aly) "dt.
0
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Therefore, by (8),

h(B)h(A)—/OOO)\</Ol (=) B+tA+M\u) L (A=B)  (13)

X (1= 1) B+ tA+A1y) " dt) dw (V)

oo 1
:f/o )\</O (1—8)B+tA+\g) " (B—A4)
% ((1 —t)B—i—tA—l—)\lH)_ldt) dw ().
If B> A >0, then
(1—t)B+tA+Ay) " (B=A) (1 —t)B+tA+Alg) ' >0
for all £, A > 0, which implies that
[e%S) 1
/0)\(/0 (1—t)B+tA+Ay) " (B - A)
x ((1 —t)B—i—tA—i—)\lH)_ldt) dw (X) > 0,
namely
f(B) = f(A)=h(A) - h(B)
B [e%9) 1 B 1 B_A>
7/0 A(/O (L—t)B+tA+Ag)~ ' (

x (1—t)B+tA+\pg)"" dt) dw (\)
0

Therefore, the function f is operator monotone on (0,00). m

Theorem 3 Assume that g : [0,00) — R is operator monotone on [0,00). If
A >0 and there exists ¢ > 0 such that B— A > cly > 0, then

A7 (4) - B g(B)—g(0) (A — B) (14)
g(AD  g(lAl+e) ¢

Z[ Al JAlre Ot |A|J1H
g(Bl-9 g(BI) c

>[ 1Bl —c (8] 9(0><||B|—c>||B|]1H>0’

If g (0) = 0, then

PR [ C U TES "
gUBI=9) _ g(1B])
| o
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Proof. If we write the inequality (2) for f (t) = M, t > 0, which, by
Lemma 2, is operator monotone, then we have

B1g(0) — g(B)] — AL [(0) — g ()] (16)
g (0) (Al +0)  g(0)—g(lA])
>{ Al+c T4 }“’

- {9(0) —g(Bl) 90 —g(B] =<
- 1B 1Bl = ¢

:|1H>0-

Observe that

B7lg(0)—g(B)] - A7 [g(0) — g(A)]
=A'g(A) - B 'g(B)—g(0) (A =B,

90) —g([All+¢) 9(0) —g([Al)

1Al +¢ 1Al
_ Ui _giAll+e) o ¢
1Al [l + ¢ (Al +<o 1Al

and

9©) —g(BI) _9(0)=g(IBll=0)

1B 1Bl = ¢
_9UBl=¢ _glBI) _ c
- Bl - 1B 900 (Bl =) [I1B]]

and by (16) we get (14). m
Tts is well known that, if P > 0, then

|(Pz,y)* < (Pz,x) (Py,y)

for all z, y € H.
Therefore, if T' > 0, then

0< (z,2)° = <T*1Tx,x>2 = <Tx,T’1x>2

<
<(Tz,x) <TT_1x,T_1z> = (Tx,x) <x,T_1x>
for all z € H.

If x € H, ||z]| = 1, then

1< (Tz,x) <m,T_1a:> <(Tz,z) sup <:r7T_1ac> = (Tx,x) ||T_1|| ,
lzll=1

which implies the following operator inequality

7Y 1w < T. (17)
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Corollary 4 Assume that g : [0,00) — R is operator monotone on [0,00). If
A>0and B—A >0, then

AZg(A) = B g (B) — g (0) (A~ — BY) (18)
-t
sap o (1 fm-a7 )1
1 N

Al + |8 - )7

_40) H@—A>Wll
(141+ [z = 7 1y

gQwi—WB—AYW4>_gmBD

1y

| s fe-a T R
0 WBAVWAI .
(151 == ) e
> 0.
If g (0) = 0, then

Ay ()~ B9 (B) (19)
Jogap_sQmi+fo-a7]") L
LM -
i g@m|HwA)w_)gmleH>0

1B

181~ |-~

We have the following lower bound as well:

Theorem 5 Assume that f : [0,00) — R is operator monotone on [0,00). Let
A >0 and assume that there exist positive numbers d > ¢ > 0 such that

dly >B—A>cly >0 (20)

Then
f@+1Al) - f (IA])

B~ (A) e )

1y > 0. (21)



76 Silvestru Sever DRAGOMIR

Proof. Since the function f : [0,00) — R is operator monotone in [0, cc),
then f can be written as in the equation (1) and for A, B > 0 we have the
representation

f(B)—=f(4A) (22)

:b(B—A)—}—/OOOs [B(B+S1H)—1 CA(A+s1g) H dm(s).
Observe that for s > 0

B(B+sly) ' —A(A+sly)™"

= (B+sly —sly)(B+sly) ' — (A4 sly —sly) (A+sly)”"

= (B+sly)(B+sly) ' —sly (B+sly) ™"

—(A+5slg) (A4 sly) " +sly (A+slg)™"

=1y —sly(B+sly) ' =1y +sly(A+slyg)”"

—s[(A+rsiy) " = (B 51H)*1} .

Therefore, (22) becomes, see also [4]
F(B)—f(A)=b(B- A)+/OOO s? [(A +sly) "t = (B+sly)" | dm(s). (23)

Now, if we replace in (11) C = A+ sly and D = B + sly for s > 0, then we
get

(A+sly)™" = (B+sly)™" (24)
- /01 (1—t)A+tB+sly) ' (B—A) (1 —t)A+tB+sly) " dt.
By the representation (23), we derive the following identity of interest
f(B)=f(A)=b(B-A4) (25)
+/00052 [/01((1t)A+tB+slH)l
(B — A)((1 —t)A+tB+51H)_1dt] dm (s)

for A, B > 0.
From the representation (25) we get for B = z1y, A =0 that

F(2) = £(0)— by = /OOO 52 (/01 (tz+ s1p) "V (b + s1) " dt) dm(s),

which gives for > 0 that

Jw_b:/omﬁ(/ol(ms)th)dm(s). (26)

xT
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Since 0 < cly < B — A, hence
c(1=t)A+tB+sly) >
<((1—t)A+tB+sly) ' (B—A)((1—t)A+tB+sly)"

for t € [0,1] and s > 0 and by (25) we get

oo 1
2 —t)A+tB 2d)d
c/o s </0 (1—=t)A+tB+sly) “dt|dm(s) (27)
<f(B)=f(A)-b(B-A4).
Observe that for ¢ € [0,1] and s > 0, we have

(1—-t)A+tB+sly=A+t(B—A)+sly < A+tdly+sly
=Q-t)A+t(dly+A) +sly.

Since A < ||A|| 1 then
(1I—t)A+t(dlg+A) +slg < ((1—t)||A]| +t(d+ ||A]) + s) 17,
which implies that
(1—t)A+tB+sly < ((1—t) A +t(d+||A])+s) 1y

for t € [0,1] and s > 0.
This implies that

(L=t)A+tB+sly) ' > (A —t)|A| +t(d+ Al +5) " 1n
and
(L=t A+tB +slg) > > (L= t) [|A| +t(d+]|A]) + ) > 1x

for t € [0,1] and s > 0.
Therefore

/00052 (/01 (1 —t)A+tB+slH)2dt) dm (s)
> [T (/01«1—:5) A+ -+ A + )% dt ) dm (5) L (2 )

00 1
:é/o i (/ (1= &) A + ¢ (d+ A} + )7 (d+ 4] ~ ]| A])

X (L= IA] + ¢ (d+ | A]) + )" dt) dm (s) L

= 210 @+ 141 £ (1A]) ~ b)) Ly (by identity (26))

B <f<d+ JAID = £ (14])
d

b) 1g > 0.
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By (27) we get
f(B) = f(A)=b(B—A) (28)
20/0082 </ ((1—t)A+tB+slH)2dt> dm (s)

. (f (d+11Al) = fUAID
= d

b> 1y > 0.
From (28) we derive

P - g )25 - 2o (LEADLUAD ),

d+JAD = FAAD
d

1y >0

BB A)—d +

SR ACE ”AHc)z — (1AlD

since b[(B — A) — ¢] > 0 and the inequality (21) is obtained. m

Corollary 6 Assume that f : [0,00) — R is operator monotone on [0,00). If
A>0and B— A >0, then

S UIB = Al + 14D = £ (141D,
|- 7|15 -4

£ (IBI) = £ (I1Al)
e is-a

f(B)=f(A)= (29)

1y > 0.

—1
The first inequality follows by (21) ford = ||B — A|| and ¢ = H(B - A)_1H
The second and third inequalities are obvious.
Theorem 7 Assume that g : [0,00) — R is operator monotone on [0,00). If

A > 0 and there exist positive numbers d > ¢ > 0 such that the condition (20)
is satisfied, then

g(0)(B™'=A")+A47"g(A) - B 'g(B) (30)
g(JAD —9(©) g+ IAD —g(JAD
Zc<w+nAnmw a(d+ Al >1H20
If g (0) = 0, then
A9 (A) -~ B 'g(B) (31)

g > 0.

g(AlD —  gld+[lA]) =g (IAlD
=¢ <(d+ LA 1Al d(d+ [ Al) ) !
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Proof. Since g is operator monotone, then by Lemma 2 the function f (¢) :=

M is operator monotone on (0,00) and by (21) we obtain

9(0)—g(d+|A]) _ g(©)—g(Al)
90)-gB) 90)—g(4) _ ~aal [EY

B A - d
Observe that

1y >0. (32

9(0)—g(B) g(0)—g(4)
B A
=g(0)(B™' = AT ) + A9 (A) - B™g(B)

and

9(0) —gd+[lAl) _ ¢(0) —glAl)

d+ Al 1Al

9(0) — g (d+ [[AIDTIIA]l = [9 (0) — g (I AID] (4 + [ Al
(d + [1A]) 1 4]
_ 9O |All =g (d+ A [[All = g (0)d + g ([ Al) & — g (0) [ All + g (IAID 1Al
(d+[[AlD[IA]l
_ 9(lAlDd =g (0)d+g (Al [[All — g (d+[|A[) [|Al
(d+ (1A 1Al

_9UAD —g(0) _g(d+]lAlD) — g (lAll)

(d+ (Al [lATl (d + 1Al ’

which gives

9(0)—g(d+][Al) _ g(0)—g(AI]
arAl_ — gl _ 9UlAD —9(0) g(d+[Al)—g(Al)

d C@+An AL d(d+[1Al)

Then by (32) we get (30). m

Corollary 8 Assume that g : [0,00) — R is operator monotone on [0,00). If
A>0and B— A >0, then

g(0)(B'=A")+A7"g(A) - B 'g(B) (33)
> |-
" ( g(IAl) —g©)  g(l[B— Al + Al —9(||A|)) 1

([1B — Al + [IA[) [| Al 1B = Al (1B — Al +[Al)

> 0.
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If g (0) =0, then

9(A) - B~ g(B) (34)
!w o
< g (IA[D g (1B = Al + [[A[) —9(||A|)> Ly

(B - A||+||AH)||AH 1B = Al ([|B = Al +[lA])

> 0.

3 Some Examples

Consider the function g (t) = ¢", r € (0, 1]. This function is operator monotone
and by (15) we have

ATt AT = (1A + o 1w (35)
> (Bl =0 = 1BI" ] 14 > 0

provided that A >0 and B— A > clg > 0.
If A>0and B— A >0, then

,m*y*z|mr*QM+WBm*Wj“jn{ (30)

1y > 0.

(CE RS T

From (21) we obtain

@+ 11AD" — IAI"
c
d
provided that there exist positive numbers d > ¢ > 0 such that condition (20)
is satisfied.
If A>0and B— A >0, then

BT - A" > 1g >0 (37)

LUB = AL+ IADT -~ AL,

Broaz @ -7 1B — A (38)
>3- a7 ”Eﬂ'; - %”TlH > 0.
From (30) we have
At —prt (39)

JAI™ @+ 1A - Al
>c — 1y >0,
<d+nAn d(d+ Al "
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provided that there exist positive numbers d > ¢ > 0 such that condition (20)
is satisfied.
If A>0and B— A >0, then

-1
Ao prl> H(BfA)_lH (40)
" A= B -Al AN~ A"
1B = Al +[[All 1B = Al (B = Al +[lAl)
> 0.
Consider the function ¢ (t) = In(¢+ 1), which is operator monotone on

[0,0) and g (0) = 0. By Lemma 2 we get that the function f (¢t) = —t~!1n (t + 1)
is operator monotone on (0, 00).
From (15) we get

A" In(A+1y) - B 'In(B+1g) (41)
><mmA|HJ_mmM+l+d)1
- IA] Al + ¢
In(||B|| +1—¢) mmw+n>
> — 1 >0
( IB[[ - ¢ I1B]] "

provided that A >0 and B— A > clyg > 0.
If A>0and B— A >0, then

A7 'In(A+1y)— B 'In(B+1p) (42)
-1 -1
| mgap ey (”AHHH(B_A) | )
P H
IA]

Al + |3 - a7

n (”B| +1-|B _A)1H1> Cm(Bl+1)

131 |- 17

Y

1z > 0.

From (21) we derive

cln (d+ 4] +1) —In(]JA]| + 1)
d
provided that there exist positive numbers d > ¢ > 0 such that the condition
(20) is satisfied.
If A>0and B— A >0, then

In(B+1g)—In(A+1x) > g >0 (43)

In(B+1py)—In(A+1p) (44)
P In(([B- Al + [JAl[ +1) —In(JA] +1)
- _ 1
> -7 1B A| L
—1 _
@ ay | MBS,

1B — Al
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From (30) we have

A In(A+1) - B 'In(B+1) (45)
W (JAI+1)  n(d+ Al +1) = In (JA] + 1)
= <<d+|A|>||A| d(d+ Al )1*’20

provided that there exist positive numbers d > ¢ > 0 such that the condition
(20) is satisfied.
Finally, from (34) we derive

A ' In(A+1g) -~ B ' In(B +1g) (46)
> o

( In(Af+1) ln(IIB—AII+|AII+1)—1H(IIAJrl)) Ly
(1B = Al + 1]} 1Al 1B = All(IB = Al + Al

=0,

provided A > 0 and B— A > 0.
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