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Although continuous systems such as the Chua circuit are known as systems with hidden attractors, hidden attrac-
tors also exist in classical discrete maps, such as a generalized Hénon map. A hidden attractor is an attractor that does
not overlap with its own attracting region in its vicinity, which makes it difficult to visualize. In this paper, a local
bifurcation analysis method for discrete maps is described, and the bifurcation analysis of the generalized Hénon map
is performed using the method. The bifurcation structure, as the parameters are changed, shows a certain law, and the
interesting Neimark-Sacker bifurcation and period-doubling bifurcation are confirmed to occur simultaneously. It was
also found that the hidden attractors exist in the rectangular characteristic chaotic regions, and they appear relatively
frequently near the window of chaos.
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1. Introduction
Consider the n-dimensional discrete dynamical system:

xk+1 = f (xk, λ),
f : Rn → Rn, xk ∈ Rn, λ ∈ R, (1)

where xk is the state and λ is a parameter. The iteration of a
discrete dynamical system could be related to chaos theory,
which has been a focal topic of intensive research since the
discoveries of the Lorenz attractor and Li-Yorke chaos (1) (2) (3).

For a point x0 ∈ Rn, if there is a positive integer ℓ such that

f ℓ(x0, λ) = x0, (2)

where f ℓ =
ℓ︷           ︸︸           ︷

f ◦ f ◦ · · · ◦ f , then x0 is called a periodic point
with period ℓ. In particular, for ℓ = 1, x0 is a fixed point.

A compact region V ⊂ Rn is called a trapping region pro-
vided that f (V) is contained in the interior of V . A set Λ is
called an attracting set if there is a trapping region V such
that

Λ =
⋂
k≥0

f k(V).

A set Λ is called an attractor provided that it is an attracting
set which is nontrivial if the f restricted to Λ has complex
dynamics (for example, f has sensitive dependence on initial
conditions or positive Lyapunov exponents on Λ).

For dynamical system (1), bifurcation analysis means the
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study of the qualitative change of the dynamics with the vari-
ation of some parameters. For a fixed point x0 with a fixed pa-
rameter λ0, i.e., f (x0, λ0) = x0, there are several types of bi-
furcations, such as saddle-node bifurcation, period-doubling
bifurcation (or flip bifurcation), Andronov-Hopf bifurcation,
and so on. For more information, please refer to (4).

For discrete dynamical systems, two well-known systems
with chaotic dynamics are the Logistic map and the Hénon
map, which are polynomial functions brought forward by
May (5) and Hénon (6), respectively. Polynomial maps are im-
portant models in discrete dynamical systems because of
their simple expressions with complicated dynamical behav-
iors.

In particular, the Hénon map or a generalized Hénon map
is an important model of two-dimensional polynomial diffeo-
morphic maps defined on R2. The parameter region for the
existence of chaotic dynamics for the real quadratic Hénon
map was studied by Devaney and Nitecki (7). An interest-
ing result is that the polynomial diffeomorphic map with a
constant Jacobian from the real or complex plane to itself
is either conjugate to a composition of generalized Hénon
maps or dynamically trivial, as shown by Friedland and Mil-
nor (8). The real cubic Hénon map was considered by Dullin
and Meiss (9). Some comprehensive characterizations be-
tween the dynamical behavior and the parameters for the real
Hénon map were obtained respectively by Benedicks, Car-
leson, Viana, and Young et al. (10) (11) (12).

Techniques from complex dynamics were used by Bedford
and Smillie (13) (14) to show the existence of chaotic dynamics
and a quadratic tangency between stable and unstable man-
ifolds of fixed points for the real Hénon map under certain
conditions. The existence of chaotic dynamics and an orbit
of tangency for the Hénon-like families of diffeomorphisms
on the real plane were obtained by Cao et al. (15) using real
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analytic methods. The parameter regions for the existence
of chaotic dynamics of some generalized Hénon maps were
investigated by Zhang (16).

On the other hand, a continuous dynamical system is de-
fined by an ordinary differential equation, as dx/dt = Φ(x)
with x ∈ Rn and Φ : Ω ⊂ Rn → Rn. An equilibrium is
a real solution to Φ(x) = 0. Generally, there are two types
of continuous chaotic systems according to their different
types of equilibria, namely systems with self-excited attrac-
tors and systems with hidden attractors. For a system with
an attractor, if the basin of attraction intersects with arbitrar-
ily small neighborhoods of an equilibrium, then the attractor
is classified as self-excited, and the corresponding system is
called a self-excited system. Otherwise, the system is said to
have a hidden attractor (17). For example, the chaotic Lorenz
system (2) and the chaotic Chen system (18) with the classical
parameters are self-excited, while the Chua circuit with a
chaotic attractor could be hidden for some particular parame-
ter values (19). In the studies of continuous dynamical systems,
there are many results on various systems with hidden attrac-
tors (20) (21) (22) (23).

Intuitively, discrete dynamical systems with hidden attrac-
tors can be similarly defined and studied. However, the study
of discrete systems with hidden attractors received much less
attention. Jafari et al. (24) demonstrated the existence of some
hidden attractors in one-dimensional maps by extending the
analysis on the Logistic map. Jiang et al. (25) studied a class
of two-dimensional quadratic maps with hidden attractors.
Zhang and Chen (26) studied a class of generalized Hénon
maps and showed the coexistence of an attracting fixed point
and a hidden attractor, and the existence of Smale horseshoe
for a subshift of finite type and also Li-Yorke chaos.

It is noted that, in (26), only part of the parameter region was
analyzed, leaving many interesting problems for further stud-
ies. In this article, we carry out more detailed analysis of the
generalized Hénon map. We study its bifurcations in different
parameter regions: tangent, period-doubling, and Neimark-
Sacker bifurcations, via careful numerical simulations, un-
veiling some new dynamical phenomena such as the coexis-
tence of two attractors, namely an attracting fixed point and
a hidden attractor, where the hidden attractor is either a peri-
odic orbit or a strange attractor depending on the parameter
values.

2. Local bifurcation analysis method

In this section, a numerical method is introduced to com-
pute local bifurcation sets for the given discrete system (2).

First, consider an ℓ-periodic fixed point x∗. The fixed point
satisfies the following equation:

f ℓ(x∗) − x∗ = 0. (3)

With a small perturbation ξ ∈ Rn, the Taylor expansion
around a fixed point is

x(k+1) = x∗ + ξ(k+1)

= f ℓ(x∗) +
∂ f ℓ

∂x

∣∣∣∣∣∣
x=x∗
ξ(k) + · · ·

(4)

Neglecting the higher-order terms, from Eq.(4), one has

ξ(k+1) =
∂ f ℓ

∂x

∣∣∣∣∣∣
x=x∗
ξ(k). (5)

Therefore, since the difference equation near the fixed point is
expressed by Eq.(5), the stability of the fixed point can be dis-
cussed by the eigenvalues µi of the Jacobian matrix ∂ f ℓ/∂x.
The characteristic equation is written as follows:

χ(µ) = det
(
∂ f ℓ

∂x
− µIn

)
= 0. (6)

By convention, the eigenvalues of the Jacobian matrix in the
linearized space of the difference equation are called charac-
teristic constants µi, which will be followed. The expressions
of the stability of a fixed point are summarized in Table.1.
The ℓ-periodic stable fixed point is denoted by 0Dℓ.

Table 1. Classification of the stability of fixed points in
2-dimensional discrete systems.

Stability Symbol Multiplier
Completely stable 0D |µ1 | < 1, |µ2 | < 1
Directly unstable 1D 0 < µ1 < 1 < µ2

Inversely unstable 1I µ1 < −1 < µ2 < 0
Completely unstable 2D |µ1 | > 1, |µ2 | > 1

In a discrete system, a bifurcation phenomenon occurs
when the characteristic constant of the Jacobian matrix near
a fixed point satisfies |µi| = 1. Bifurcation phenomena in dis-
crete systems can be classified into three categories: tangent
bifurcation for µi = 1, period-doubling bifurcation for µi =

−1, and Neimark-Sacker bifurcation for µi = e jθ, θ , 0, π,
where θ is the argument.

To compute the bifurcation set, it is sufficient to solve
Eq.(3) and Eq.(6), in which the characteristic constants cor-
responding to each bifurcation condition are substituted. In
this study, Newton’s method is used because of its good con-
vergence ability.

The Jacobian matrix required to solve Eq.(3) by Newton’s
method is 

∂ f ℓ

∂x
− In

∂ f ℓ

∂λ
∂χ(µ)
∂x

∂χ(µ)
∂λ

 . (7)

Note that f ℓ =
ℓ︷           ︸︸           ︷

f ◦ f ◦ · · · ◦ f . Derivatives about f are given
as follows:

∂ f ℓ

∂x
=

ℓ−1∏
k=0

∂ f
∂x

∣∣∣∣∣
x=x(ℓ−k)

,

∂ f ℓ

∂λ
(xℓ−1) =

∂ f
∂x

(xℓ−1)
∂ f ℓ−1

∂λ
(xℓ−1) +

∂ f
∂λ

(xℓ−1),

∂ f j

∂λ
(x j−1) =

∂ f
∂x

(x j−1)
∂ f j−1

∂λ
(x j−1) +

∂ f
∂λ

(x j−1),

∂ f 1

∂λ
(x0) =

∂ f
∂λ

(x0),

(8)

where xk = f k(x0). Derivatives of the characteristic equation
requires the second-order derivative of the map f ℓ, which is
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omitted here because of the complicated form of the equa-
tion.

Now, we are ready to compute the bifurcation set of n-
dimensional discrete systems.

3. Bifurcation analysis of Generalized Hénon
maps

Consider the generalized Hénon map (26):xk+1 = dyk

yk+1 = P(yk) + cxk,
(9)

where P(x) = axm(x2−b2), m ∈ N. By checking the dynamic
behavior roughly in advance, a seems to be an essential pa-
rameter for bifurcations. Let us fix b = 1.0 and c = 0.005.

The bifurcation calculation is performed with a as the vari-
able parameter and d as the incremental parameter. Also,
following Theorems 4.1 and 4.4 in Ref. (26), the range of the
bifurcation calculation is ensured to be a > 0, 0 < d ≤ 1.

The Jacobian matrices required for the Newton method are

∂ f
∂x
=

(
0 d
c amym−1(y2 − b2) + 2aym+1

)
,
∂2 f
∂x∂x

=

(
0 0
0 0

)
,

∂2 f
∂x∂y

=

(
0 0
0 a(m2 − m)ym−2(y2 − b2) + 2a(2m + 1)ym

)
,

∂ f
∂a
=

(
0

ym(y2 − b2)

)
,
∂2 f
∂x∂d

=

(
0 0
0 mym−1(y2 − b2) + 2ym+1

)
.

(10)

Figure 1 shows two stable fixed points of the map with
m = 2, a = 3.16, d = 0.5. One stable fixed point at the ori-
gin (a) and one stable fixed point in the third quadrant (b)
are generated. These fixed points are bistable, but bifurcation
phenomena occur only for (b).
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Fig. 1. Two stable fixed points when m = 2, a = 3.16, d = 0.5.

Figure 2 shows the bifurcation diagram when m = 2,
where white lines are bifurcation sets calculated by New-
ton’s method. This bifurcation diagram includes the classifi-
cation of periods by colors, which is obtained by the exhaus-
tive searching method. Although the this method cannot find
multiple attractors simultaneously, bifurcation sets and con-
sequent analyses give supplementary information on topolog-

ical consistency about saddle periodic points and multistabil-
ity. The colors in the bifurcation diagrams are assigned ac-
cording to the number of period i.e., 1:blue, 2:red, 3:magenta,
4:green, 6:yellow, 8:slate blue, 16:purple, chaos or explo-
sion:black.

By increasing a in the bifurcation diagram, the stable fixed
point (b) : 0D is generated by the tangent bifurcation G, and
the process of chaos generation by period-doubling cascade
is confirmed.
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Fig. 2. The local bifurcation diagram when m = 2.

Figure 3 shows two stable fixed points when m = 3, a =
4.5, d = 0.5. In this case, unlike m = 2, a stable origin (a)
and a stable 2-period point (b) are generated.
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Fig. 3. Two stable fixed points when m = 3.

Figure 4 shows the bifurcation diagram when m = 3. The
bifurcation structure is very similar to that of m = 2. The
2-period fixed point (b) : 0D2 generated by the tangent bifur-
cation G2. When a increases, another 2-period fixed point
is generated by the tangential bifurcation G2 again, and then
the two 2-period fixed points 2× 0D2 simultaneously undergo
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period-doubling bifurcation and change to chaotic attractors.
This means that a chaotic attractor is composed of two at-
tractors that are merged together. This is called as “double
period-doubling” (26).
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Fig. 4. The local bifurcation diagram when m = 3.

Figure 5 shows the chaotic hidden attractor when m =

3, a = 5.0, d = 0.5.
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Fig. 5. The chaotic hidden attractor when m = 3, a = 5.0, d = 0.5.

For the case of m = 4, Fig.6 shows exactly the same bi-
furcation structure as m = 2. It also has a stable origin and
a stable fixed point in the third quadrant, with the process of
chaos generation by period-doubling bifurcation.

4. Bifurcation analysis with P(xk)

Consider the generalized Hénon map (26) with P(xk):xk+1 = dyk

yk+1 = P(xk) + cxk.
(11)
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Fig. 6. The local bifurcation diagram when m = 4.

Although this system is effectively a one-dimensional differ-
ence equation by substituting the first equation into the sec-
ond equation, a richer bifurcation phenomenon is observed
than those from Eq.(9). In addition, when m = 3, a hidden
attractor can be found in the rectangular chaotic attractor re-
gion.

Figure 7 shows the three stable fixed points when m = 2.
The fixed point in (a) is the stable origin, while (c) shows a 1-
periodic fixed point. Fixed points in (b) is 2-periodic. These
fixed points exist simultaneously, especially (b) and (c) gen-
erate chaos through period-doubling cascade.
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Fig. 7. Three stable periodic fixed points when m = 2,
a = 4.5, b = 1.02, c = 1.04, d = 0.4699.

Now, the parameter d is treated as a variable in the bifurca-
tion computation. Then, Jacobian matrices required for New-
ton’s method are
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∂ f
∂x
=

(
0 d

amxm−1(x2 − b2) + 2axm+1 + c 0

)
,

∂2 f
∂x∂x

=

(
0 0

am(m − 1)xm−2(x2 − b2) + 4amxm + 2axm 0

)
,

∂2 f
∂x∂y

=

(
0 0
0 0

)
,
∂ f
∂d
=

(
y
0

)
,
∂2 f
∂x∂d

=

(
0 1
0 0

)
.

(12)

Figure 8 shows the bifurcation diagram of Eq.(11) when
m = 2.

In the lower-left area of the figure, there is only one sta-
ble 0D at the origin, but changing the parameter will generate
fixed points (b) and (c) through tangent bifurcation G. These
fixed points lead to chaos through cascade of period-doubling
bifurcation I. Let the set be represented as NS+ I. On this bi-
furcation set, 2-periodic fixed point 0D2 (b) generates period-
doubling bifurcation, and 1-periodic fixed point 0D (c) gen-
erates Neimark-Sacker bifurcation, and changes to 4-periodic
fixed points 0D4 simultaneously. It should be noted that al-
though there are multiple attractors that cause bifurcation, all
these have bifurcation sets at the same positions. This also
appears in the case of m = 3 to be discussed later.

During G and NS + I, (b) and (c) are merged. Like the red
area at the top left of the bifurcation map, there is a part where
the bifurcation set cannot be confirmed on the color bound-
ary. This is because the exhaustive searching algorithm tracks
another attractor, and there is actually no bifurcation set.
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Fig. 8. The local bifurcation diagram where m = 2,
b = 1.02, c = 1.04.

Figures 9 and 10 show examples of a 4-periodic attractor
and a chaotic attractor. From Fig. 7, a period-doubling bifur-
cation occurs in (b), and a Neimark-Sacker bifurcation occurs
in (c), with 4-periodic fixed points appearing simultaneously.

Figure 11 shows the bifurcation diagrams when m = 3.
The bifurcation diagrams are similar to those for m = 2,
where the 1-periodic fixed point goes through the process
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Fig. 9. 4-periodic attractor when m = 2, a = 4.6,
d = 0.4699.
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Fig. 10. Chaotic attractor when m = 2, a = 4.81,
d = 0.4699.

of 4-periodization via the Neimark-Sacker bifurcation and
chaos generation via the period-doubling cascade. In addi-
tion, it is found that there is a hidden attractor in the region
of chaotic attractor for m = 3.

Figure 12 shows the basic periodic attractor for m = 3.
Unlike the m = 2 case, it exhibits a prominent symmetry
structure and a 2-periodic attractor (d):0D2, which is not on
the x-axis and y-axis. The other attractors are the same as
that for m = 2: (a) : 0D is the stable origin, (b) : 0D2 is a
2-periodic fixed point on the two axes, and (c) : 0D is a 1-
periodic fixed point at which the Neimark-Sacker bifurcation
occurs. Each attractor causes bifurcation at the same time as
described above, and turns into a chaotic attractor as shown
in Fig. 13.

Note that the red attractor in the chaotic region is a hid-
den attractor, which can be observed by giving a large initial
value, because there is no attraction region near the hidden
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Fig. 11. The local bifurcation diagram when m = 3,
b = 1.02, c = 1.04.

attractor. However, the hidden attractor often appears clearly
when crossing the window of chaos in the parameter plane.
The window of chaos is bounded by the set of tangent and
period-doubling bifurcations at the fixed point, and it is espe-
cially noticeable when crossing the tangent bifurcation.

More interestingly, although the chaotic attractor origi-
nates from only one fixed point (c) and (d), several more
periodic attractors appear in the chaotic window. It seems
that any one of the several stable fixed points in this chaotic
region is closely related to the hidden attractor.
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Fig. 12. Three stable periodic fixed point when m = 3,
a = −5.7463, d = 0.443346.

Figures 14 and 15 show the bifurcation diagram when
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Fig. 13. Hidden attractors in chaos region when m = 3,
c = 1.04, d = 0.443336.

m = 4, and the phase portrait. In this case, the feature of
multiple attractors at the same time with m = 2, 3 is not ob-
served, but only one fixed point changes to a 4-period fixed
point via the Neimark-Sacker bifurcation, and then the tran-
sition to chaos through the period-doubling cascade is con-
firmed.
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Fig. 14. The local bifurcation diagram when m = 4,
a = −4.4537, b = 1.02.

In particular, the argument θ of the characteristic constant
on the Neimark-Sacker bifurcation set is always θ = ±π/2,
regardless of the number of m. In other words, in Eq.(11), for
any m, the fixed point (c) becomes 4-periodic fixed points via

6



Bifurcations Analysis (Seiya Amoh et al.)

−0.2

−0.1

0

0.1

0.2

0.3

−0.4 −0.2 0 0.2 0.4 0.6

y

x

4-period, c = −0.592.
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Chaotic attractor, c = −0.612.

Fig. 15. Phase portrait of the fixed point (c) when
m = 4, a = −4.4537, b = 1.02, d = 2.0.

the Neimark-Sacker bifurcation, and then chaos is expected
via the period-doubling cascade.

5. Conclusion
In this paper, we calculate and analyze local bifurcations

of the generalized Hénon map and its hidden attractor. In all
the cases of m = 2, 3, 4, the mechanism of chaos generation
through period-doubling cascade is confirmed. We found that
the chaotic hidden attractor has the same process of chaos
development as an ordinary strange attractor, although the
attraction region is small. We also analyze the generalized
Hénon map with P(xk). As a result, in all cases of m = 2, 3, 4,
the mechanisms of generating chaos through the cascade of
4-periodization of fixed points and period-doubling bifurca-
tion by NS + I are clarified. Double period-doubling (26) is
also confirmed for every m, and we also found that multiple
attractors exist separately and bifurcate simultaneously via
parameter changes. In particular, in the process of the dy-
namic change caused by the parameter change, two separate
attractors coexist in the chaotic window, one is a chaotic at-
tractor due to self-excited oscillation, and the other is a stable
hidden attractor covered by the former one.
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