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Abstract Python is gaining attention as a fundamental programming language for machine learning and data science. In

this paper, we describe a detailed Python approach to nonlinear problems, especially the bifurcation problems of periodic

solutions. It is a highly readable implementation of the bifurcation algorithm, independent of the computer and the op-

erating system, and it allows interactive trial-and-error processing. We describe the advantages of Python for bifurcation

problems with some illustrated codes. We also show a compact implementation of computation for Neimark—Sacker

bifurcation using the bialternate product and an automated process for generating the Hessian using Sympy.
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ENTVA.

Python (FHFEHKAE % b o T 505, HERERALFREL
BAEHWZ2— P EERFERT L L, COREBEBIZBWT
TG L THEROEH R 2 AR S LEPAEL, £72,
FERHANONORIIRGES T, ABEGTH L. £ TRETIE,
NS 43I L L CHRpk )i 2 & i 2 42 bialternate i (18) %
MAL, EBROATE 12— N »%FEET 5 TP % Python
THEELLY.

A, B € R**" #EEDTHl L L7z & &, bialternate f&
AQG B XR%EIMT.

(1) AQA AWM pip; b

(2) 2AQ L, ZEAEM p; +p; b

NS 512 BV 2 R ERS p, o = 290 1%, HH (1) T
pp =1 %wmzd. IheRFEEIEXNICHh L &ML LTHY
b, $hbb, NSHWEEE, ROEVHEXE (@, N) T2
WTHC ZEIZX Y RdoN S,

T(:Bo) — o = 0

Op Op (17)
det | — © — -1, ] =0
¢ (awo © 8900 )

bialternate fE& 25 Z &L T O MHLENTEY, T/, HIE
MREDWLE S 72 {72 5.

PLF, bialternate f & % @ Python 2 — FIZDW CHHT
5. A® B e R™™ ORERIT, TOBRRORTE L ER
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¥ (multi-index) & H\WCATHME (p,q) (p=2,3,...,n; ¢ =
1L,2,...,p = 1), ¥l %E (r,s) (r = 2,3,...,n;8 =
1,2,...,r—1) TET &,

(18)

Gpr Qps bpr  bps

bgr  bys

1
MGBme@—Q{

Qgr Qgs

THEESL. 22T, m=nn—1)/2 THYY, are,bre (T17%1
A B (k0) EEELFRT. /2, || AR EERT. 2T,
n=3ND¢XldIm=3%7%V, bialternate t A© B |2 &>
THER S NHITHI,

(A G B)@2,1),2,1)
(A® B)s3,1),2,1)
(A® B)3,2),2,1)

(A® B)@2,1),3,1)
(A® B)3,1),3,1)
(A® B)3,2),3,1)

(A® B)(2,1),3,2)
(A® B)3,1),3,2)
(A® B)3,2),3,2)

Thb. NS HGEHIIHE A0 A DKEERIIWL M,

Apr  Qps

(A®A)(p,q),(rs) = (19)

qr Qgs

THY, TNEFHET 5 bialt_square %) X b 4 (2R,

)X b 4 bialternate FEDELEHI

1 def bialt_square(A):

2 n = A.shape[0]

3 bialt_dim = sum(range(n))

4 result = np.zeros((bialt_dim, bialt_dim))

5 temp = np.zeros((2, 2))

6  result_idx = ((i, j) for i in range(bialt_dim)
7 for j in range(bialt_dim))
8 mul_idx = [(i, j) for i in range(l, n)

9 for j in range(i)]

10 for row, col in it.product(mul_idx, mul_idx):

11 for i, j in it.product([0, 1], [0, 1]):

12 temp[i, j] = Alrow[il, col[jl]

13 result[next(result_idx)] = np.linalg.det(temp)
14 return result

JAMATE, FEDIIn & mIZHYST 548 0, bialt dim,
bialternate & DRI AR % RAF T 5L result, F/-Z2DK
WHRE RIS T A temp ZHE L T 5. Numpy
WA DBERENDT 72 AE 5 TUVHFFATE L7280, result
DEHZIEDTZDIZA T L — ¥ result.idx bAET 5. fitwv
T, bialternate f& T3 (18) TLERBLIHRF L L THVS
NTWa. ZOERT (p,q),(r,s) I, ZEBROE—IFaKLE
THRBEOEEOERTRHATE 720, ZOKEAT mul_idx
L L, it.product) ZHWVTIHREDA T L =¥ ZERTS.
bialternate f§® Python ETHEEIZBWTIX, LERKOE
B 8~10 T CTRLMTEL LN HETH L. &b, &
522 L@ import itertools as it & L CRIEIHIEDOHE) %
TITATTV%A Y KR— VT LULENDD.

6. Sympy % U\ /- BRI D B EHEH
NFEROFIEFFIEINE TIIRL7Z2E B Y, Newton {ED
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VB, BRILARNT XA =5 24 BELROEEE, Til&
53 A MHE. Python 123 PUHIEE R M % S EEHED
R TIICHI ) 2 DTE S Sympy /Sy 7 — I HHE
95, DlEFERRORDEADS func() %L L TRk S
NTWwoEE, VA5 IIRTIET f OIRBEER LT X —
FIZE DM % RHFIISEH T E 2 19 func() 35 2 Hio )
o X9z, W% E JSON 7 7 A VIZFEETE 5 X912
EEFLTH kv, 22C, n KU pnum E, ZNFIVREEED
Kitn &, ZBELDONT A= DOKTH L.

JZ h5 Sympy & B /- EREBOEH

1 import sympy as sp

2 def func(x, p, t):

3 return sp.Matrix([f_1, f_2, ..., f_n])
4 sym_x = sp.MatrixSymbol("x", n, 1)

5 sym_p = sp.MatrixSymbol("p", pnum, 1)

6 sym_t = sp.Symbol("t")

7 f = func(sym_x, sym_p, sym_t)

8 dfdx = sp.derive_by_array(

9 [£[i] for i in range(n)],

10 [sym_x[i] for i in range(n)]).transpose()
11 dfdl = [sp.diff(f, sym_pl[il)

12 for i in range(pnum)]

13 d2fdx2 = [sp.diff(dfdx, sym_x[i])

14 for i in range(n)]

15 d2fdxdl = [sp.diff(dfdx, sym_p[il)

16 for i in range (pnum)]

fREOMA I HEIEOFEIT T L ITELT 5 DD TIE R
720, ~EOFEFTTI-FELTHIBLLTBLZEDPETL
V. Sympy FHWCEE L7-X4 7Y =7 M print() % &
T Python BRO I~ FL LTHITHILHTES.

7. i 8B fl

REITIE, 2 F TSR L 2250 fEHT T3 &% O° Python A
7)) 7 b e CERICEBESRO IR E 2179, kD
=R Duffing K20 %% 2 5,
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CEODRIFIED D B, BRI L NS FEDSFHET S, NS
S AR OSBRI R R D R E R E R T T, 5.
HOFH:% VT (20, \) IZDWTHW,

B-Bo PO % M 3 12RF. K NS 13 NS 57k, G
& FMBOBRIE A RT. FOEEIE o0 1 FEss L
A8 THS. F7o, RMotEIE 1 FHNIEL 3 FNIEHL
3 5. IRMEBIE 1 EAREA NS 512 & > THEEET %
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8. hH ) I
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