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Abstract

We consider an ordinary differential system which is a so-called
Lanchester’s linear law model with time dependent coefficients. We
study on asymptotic forms of solutions that decay to a point on the
z-axis and y-axis.
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1 Introduction

In this paper, we consider the ordinary differential system of the form :

{ 2/ (t) = —a(t)z(t)y(t) (1.1)

where a(t) and b(t) are positive continuous functions on [0, 00), and satisfy

A(t) :/0 a(s)ds — oo and B(t) :/0 b(s)ds — o0 (1.2)

as t — oo.
The initial value problem (1.1) with positive initial data

2(0)=29>0 and y(0)=yo >0 (1.3)

has non-negative solutions.
System (1.1) is known as one of Lanchester type models, which describes
many phenomena appearing in economics, logistics, biology, and so on.
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In [5], F.W.Lanchester first poposed system (1.1) to describe combat situ-
ations (see Taylor [9] for a review). System (1.1) is said a model of guerrilla
engagements (see [2], [3], [10] and the references cited therein).

There are some mathematically treated reseach works for Lanchester type
models (see [4] and [11] for Lanchester linear-law models, and see [6] and [8] for
Lanchester square-law models, and also see [1] and [7] for Lanchester models
with mixed forces).

First, we consider the special case where a(t) = a and b(t) = 8 for some
positive constants a > 0 and 8 > 0, that is,

;g’(t) = —Oél‘(t)y(t)
{ y'(t) = —Bx(t)y(t) (1.4)

with initial data (1.3), then we have that A(t) = at and B(t) = St in (1.2).
Using the exchange ratio E = «/f of (1.4), we can easily see that (x(t) —
Ey(t)) = 0, and hence, z(t) — Ey(t) is a constant value which is denoted by
symbol M, that is,

x(t) — Ey(t) = xg — Eyo = M. (1.5)
Thus, we have from (1.4) and (1.5) that
2'(t) = —ow(t)y(t) = —Ba(t)(x(t) — M),

and moreover, by fundamental calculation we obtain the following representa-
tion fomula of solution (x(¢),y(t)) of (1.4) :
(1) When M =0 (i.e. zo = Eyp),

z(t) = (zg " +Bt)™" and y(t) = (yo ' +at)"! (1.6)

for t > 0.
(2) When M #0 (i.e. zg # Eyo),

_ M _ (xo/(wo + EN))ENe ENA
@(t) = 1—(1—M/xg)e=MBt — (1 0_ (332/(330 + EN))e—ENBt (L.7)
and
_ (90/ (o + M/B))(M/B)e= M1/t N
y(t) = 1 — (yo/(yo + M/E))e~(M/B)at 1 — (1 — (N/yo))e=Net (1.8)
where N = —M/E and hence
o(t) — 2 — LMzl T (1.9

1 — (1= M/xg)eMBt
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and

(1 - N/yo)e N

y(t) -N= 1_ (1 — N/yo)efNO‘t

(1.10)

for t > 0.

In what follows, ” f(t) ~ g(t) as t — o0” means that lim;, f(¢)/g(t) =
for positive functions f(¢) and ¢(¢) defined near +oo. Slmllary7 for vector-valued
functions 7 (f1(t), f2(t)) ~ (g1(t), g2(t)) as t — oo” means that f;(t) ~ g;(t)
ast —o00,1=1,2.

Immediately, we can obtain from (1.6)—(1.10) the following decay properties
of solution (x(t),y(t)) of (1.4) :

(i) When M =0, (x(t),y(t)) — (0,0) as t = oo and

(), 5(0) ~ (B, (a)™1) as ¢ oo, (111)
(ii) When M > 0, (z(t),y(t)) — (M,0) as t — oo and
(log(x(t) — M), logy(t)) ~ (-Mpt, —(M/E)at) as t— oo (1.12)
and z(t) — M = O(e=MP) and y(t) = O(e~(M/E)aty,
(iii) When N = —M/E > 0, (z(t),y(t)) — (0,N) as t = oo and
(logz(t), log(y(t) — N)) ~ (=ENft, —Nat) as t— o0 (1.13)

and x(t) = O(e”FNB) and y(t) — N = O(e=Not),

Remark. When the time dependent coefficients a(t) and b(t) in (1.1) satisfy
a(t)/b(t) = const > 0 for ¢ > 0, we can obtain the similar representation
formula of solution (z(t),y(t)) of (1.1) replaced at and St in (1.6)—(1.10) by
A(t) and B(t), respectively.

In [4], Tto, Ogiwara and Usami have derived the following asymptotic forms
(1.14) and (1.15) of solution (z(t),y(t)) of (1.1) decaying to the origin (0,0),
like (1.11) for (1.1) with constant coefficients :

(i) If a(t) and b(t) satisty (1.2) and lim;_,o a(t)/b(t) = const > 0, then

(z(t), y(t)) ~ (Bt)™', At)™) as t— 0. (1.14)
(ii) If a(t) and b(t) are of class C'! and satisfy

<28>/ <0 for large ¢

and
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then
(x(t), y(t)) ~ (kB(t)*l, kflA(t)*l) as t—o00. (1.15)

However, there is no known research work related to asymptotic forms of
solutions of (1.1) decaying to a point other than the origin (0,0), like (1.12)
and (1.13) for (1.4) with constant coefficients.

The notations we use in this paper are standard. Positive constants will be
denoted by C' and will change from line to line.

2 Results

We will give asymptotic forms of solutions of (1.1) decaying to a point on
the z-axis and y-axis.

Theorem 2.1 Let E, M and N be constants. Assume that a(t) and b(t) satisfy
(1.2) and

t
lim 2 = B> 0. (2.1)

Then, we have the following :

(i) For M > 0, every solution (z(t),y(t)) of (1.1) decaying to (M,0) has
the asymptotic form

(log(x(t) — M), logy(t)) ~ (=M B(t), —(M/E)A(t)) as t—o0. (2.2)

(ii) For N > 0, every solution (z(t),y(t)) of (1.1) decaying to (0,N) has
the asymptotic form

(logz(t), log(y(t) — N)) ~ (=ENB(t), —NA(t)) as t— 0. (2.3)

Proof. (i) Let M > 0 and (x(t),y(t)) — (M,0) as t — oco. By L’Hospital’s
rule, we have from (2.1) that

fim FO M) —a(®2(by(t)
oo y(t) ey () e —b(B)a(t)y(t)
e al)
o tggo @ =K, (2.4)

and hence, we obtain from (2.1) and (2.4) that
log(a(t) = M) _ | ((t) = M)~"a'(1)

R I S Y0
_ iy @) = M) (—a(t)z(t)y(1))
t—o0 —Mb(t)
g 20y 2
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which implies log(z(t) — M) ~ —M B(t) as t — oo.
On the other hand, by L'Hospital’s rule again, we have from (2.1) that

| log y(t) i YOY@ L yO) (b2 ()y(0))
t=oo —(M/E)A(t)  t=oe —(M/E)a(t) tooe  —(M/E)a(t)
_ b(t) x(t) _
Etliglo alt) M L

(ii) Next, let N > 0 and (z(t),y(t)) — (0, N) as t — co. By L’Hospital’s
rule, we have from (2.1) that

. logz(t) i x(t) L2 (1) _ 1 ()" (—a(t)z(t)y(t))

S “ENB()  to0 —ENb()  tos —ENb(?)
1
_ L Wy®
E i b(t) N

which implies log z(t) ~ —ENDB(t) as t — oc.
On the other hand, by L'Hospital’s rule again, we have from (2.1) that
(t) a(t)

lim lim z(®) lim FE
im ————— =1 = lim —=~ =
t—>00 y(t) — N tox y’(t) t—o0 b(t) ’

(2.5)

and hence, we obtain from (2.1) and (2.5) that

i 18(®) —N) _

t—o0 *NA(t) t— o0 —Na(t)
e () = M) b@ay(0)
t—00 —Na(t)
o MO 2y

which implies log(y(t) — N) ~ —NA(t) as t — o0. O

Theorem 2.2 Let M be a constant. Assume that a(t) and b(t) are of class C*
and satisfy (1.2) and

(Zg)))/ <0 forlarge t. (2.6)

Then, for M > 0, every solution (x(t),y(t)) of (1.1) decaying to (M,0) has

z(t) — M = O(e"MBW) (2.7)
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In addition, if there exists a positive constant K such that

a(t)2 M B(t)

Jim DEeRAm = const >0, (2.8)
then
y(t) = O(e¥AW) (2.9)
Proof.  Since z(t) — M as t — oo and (—a(t)) = (a(t)/b(t))(—=y(t)Y, it
follows that
o= [ atyas= [T ) ds

a(t) /°° <a(8))/
= ——Zy(t) + =22 y(s)ds
b(t)y( )+ os) y(s)
for large ¢, and from (2.6) that there exists ¢; > 0 such that

y(t) > Z((?)(x(t) — M) fort>t.

Then we have

' (t) = —a(t)z(t)y(t) < b(t)z(t)(x(t) — M)

for ¢ > ¢1. Solving this differential inequality of a separeble type on [t1,t], we
obtain

1. z(t) o2 — M

g T S Bty - B

M8 s 2P B
and

M

_MB(t)
") S T = M) MEO-BY < O

3

where we use symbols x1 = x(¢1) and By = B(t1), and hence,

(1 — M/xy)e” MBOH=B1)
w0 =M < T ey MEO-BD

for ¢ > ¢;, which implies (2.7).
On the other hand, since y(t) — 0 as t — oo and (—y(¢))" = (b(¢)/a(t))-
(—(x(t) — M)), it follows that

y(lt)=/:o / as 2(s) — M) ds

_ Zg / < z) ~ M)ds (2.11)

< CemMBO (2.10)
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for large t. Here, since it follows from (2.8) that

t) b(t)?
bt )e MB(®) — _ et o) e MBU) < Cem KA for larte ¢, (2.12)

a(t) b(t) a(t)?
and from (b(t)/a(t))’ = —(b(t)/a(t))2(a(t)/b(t))’ > 0 for large ¢ and (2.8) that

0</OO<2 ) ~MB()
ok
)

_ b)) _mBw /Oo b(s )Mb( JemMB() g
a(t t (s)
< bit —MB@®) +C/ Ka(s)e= KA s
alt
_ bt MBt)+C/ e KAG)Y gy
a(t
< Ce KA for large ¢, (2.13)

we obtain from (2.10)—(2.13) that
y(t) < Ce KA L Ce= KA for large t,
which implies (2.9). O

Remark. (i) When a(t) = o > 0 and b(t) = 8 > 0, we see that (a(t)/b(t)) =
and the limit value of (2.8) 1s a?/B? > 0 by taking K = M3/a.

(i) When a(t) = (1+¢)~! and b(t) = (e+t)~1, we see that (a(t)/b(t))’ <0
and the limit value of (2.8) is e=™ > 0 by taking K = M.

By the similar argument of Theorem 2.2 we have the following theorem.

Theorem 2.3 Let N be a constant. Assume that a(t) and b(t) are of class C*
and satisfy (1.2) and

b(t)\’
(ait))) <0 forlarget.
Then, for N > 0, every solution (z(t),y(t)) of (1.1) decaying to (0, N) has
y(t) = N = O(e™N40).
In addition, if there exists a positive constant K such that
b(t)QeNA(t)
ti>120 m = const > O,

then
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