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Abstract: High-speed ship operations have a significant risk of the broaching phenomenon
when navigating in following/quartering seas. The occurrence of this phenomenon can result
in a violent yaw motion, regardless of the steering effort. Centrifugal forces due to the yaw
motion could cause large roll motion and even capsizing in some cases. A necessary condition
for the occurrence of broaching is the surf-riding phenomenon. Therefore, the International
Maritime Organization (IMO) has set up criteria to include theoretical formulas for estimating
the occurrence of surf-riding phenomena. The theoretical equation used in the IMO Second-
Generation Intact Stability criteria (SGISC) to estimate the surf-riding threshold is based
on the authors’ method, and in its derivation process, Melnikov’s method. is utilized. This
paper deals with nonlinear equations describing the surge motions of a ship. However, such
equations cannot be directly solved; therefore, prior researchers and authors have proposed
various approximate methods to predict the surf-riding threshold, including the methods based
on Meknikov’s method. In this paper, first, the authors describe the mechanism of the surfing
phenomenon. Then, the authors explain in detail the derivation of the estimation methods for
the surf-riding phenomenon that have been proposed by the prior researchers and the authors.
Finally, the authors show the relationship between the theoretical prediction method of the
surf-riding threshold based on Melnikov’s method and the IMO SGISC.
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1. Introduction
Marine vessels operating at high speeds in following/quartering seas are at risk of surf-riding and

subsequent broaching phenomena. The broaching phenomenon is defined as a course-instability phe-
nomenon in waves. As described in Fig. 1, initially, the ship is overtaken by waves; however, the
force of the waves accelerates the hull, resulting in surf-riding. On the wave down-slope, the course
stability of the ship becomes unstable, resulting in a violent yaw motion. Saunders described the
broaching phenomenon that occurred with respect to the Portuguese Navy destroyer, N.R.P. Lima,
in the Atlantic Ocean [1]. At the time, N.R.P. Lima was being operated at 26 knots in following
waves with the wavelength-to-ship length ratio of almost 1. Despite the maximum steering efforts to
maintain her course, she was forced to turn to port, and her roll angle was reported to have reached
67 degrees.

1 Ship is overtaken by waves 2 Ship is surf-riden 3 Violent yaw motion

Fig. 1. Schematic of the surf-riding phenomenon.

Nicholson [2] conducted an experiment on the model scale in the rectangular tank of the Hustler.
A 5-m-long, twin-screw, twin-rudder model ship was navigated by manual steering with radio control
in waves and a turning was recorded to the right even though the maximum rudder angle was 35
degrees to the left.

Broaching describes the loss of ship maneuverability in waves and could occur even at low speeds,
as described experimentally and theoretically by Kan [3], Spyrou [4, 5], and Maki [6]. However,
this phenomenon is considered as a self-excited oscillation of the control system involving waves.
Therefore, the appropriate control can prevent the occurrence of broaching at low speeds. In this
study, we focused on broaching at high speeds, which occurs after the occurrence of the surf-riding
phenomenon. Such a type of broaching phenomenon has been extensively investigated from various
aspects (e.g. [7]). If a surf-riding phenomenon occurs, vessels cannot easily maneuver through even if
the propeller thrust is reduced. In addition, a reduction of the propeller thrust results in a reduction
in the rudder force. Therefore, from the standpoint of safety, the surf-riding phenomenon must be
prevented.

As shown later in text, the equations of ship motion in the following waves are the same as the
equations of motion of a physical pendulum with respect to friction damping and constant motor
torque. In the motion of such a pendulum, in the range of small torque, the motion is an oscillation
that converges to an equilibrium point that exists, for example, at the lower point. The surfing
phenomenon is identical to this situation. However, as the torque increases, the motion changes to
a rotational motion, and this periodic state of motion is overtaken by waves. In terms of nonlinear
dynamics, the boundary of such a motion is termed as the heteroclinic bifurcation. Several attempts
have been made in the field of naval architect and ocean engineering to determine this bifurcation
point.

Grim [8] explained that under surf-riding threshold conditions, a trajectory leaving an unstable
equilibrium point connects to another unstable equilibrium point. This phenomenon is known as
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a heteroclinic bifurcation. Makov [9] validated this finding by using the phase plane analysis. An-
naniev [10] obtained the surf-riding threshold using the perturbation method. Kan [11] and Umeda [12]
also conducted the phase plane analyses, and based on these results, the International Maritime Or-
ganization (IMO) developed operational guidance for avoiding surf-riding in following seas as its MSC
Circ.707 [13]. Here, for simplicity, the critical Froude number for the surf-riding phenomenon was set
as 0.3 for any ship.

The nonlinear surge equation, which has been used, cannot be solved analytically. Therefore, Kan
applied Melnikov’s method [14] to propose an approximate formula for predicting the surf-riding
threshold [11]. Spyrou [15] extended Kan’s approach and then obtained an approximate formula.
Further, Maki generalized their approaches and then obtained an approximate formula [16]. Spy-
rou [17] also proposed an analytical formula for the nonlinear surge equation with a quadratically
approximated damping component. Maki et al. [16] applied the piecewise linear approximation to the
sinusoidal wave force and obtained the analytical formula. Furthermore, Maki et al. [18] applied the
cubic polynomial approximation to the sinusoidal wave force to obtain the analytical formula.

The IMO has recently developed new-generation intact stability criteria, covering five failure modes,
that is, parametric rolling, pure loss of stability, stability in dead-ship condition, broaching with surf-
riding, and excessive accelerations. Accordingly, the risk of surf-riding phenomena must be assessed
to prevent broaching phenomena. Therefore, Maki et al. [16] proposed a calculation method directly
based on Melnikov’s method for this purpose. The current paper begins with a description of the
nonlinear equations of motion that describe the surge motion in the waves. Then, several approximate
solution methods of this nonlinear equation are described. They include the theoretical approximate
formula described in IMO’s new-generation intact stability criteria. Finally, the criteria are explained
in detail.

2. Notation

In the following equation, ¢ [s] is the time, R is a set of real numbers, and R™ is the n-dimensional

Euclidean space. ||x(t)|| for x € R™ represents the Euclidean norm, (z7x)'/2. The absolute value of
x € R is denoted as |z|, where ¢ indicates the imaginary unit.

3. Froude—Krylov surge force

Two right-handed coordinate systems used in the paper are illustrated in Fig. 2. The ship-fixed
coordinate system, that is, G — x4ys2s, has its origin at the center of gravity of the ship with the
x axis pointing toward the bow direction, y axis pointing the starboard side, and z axis pointing
downward. An inertial coordinate system, namely o — £n(, with the origin at a wave trough is
employed with the £ axis pointing in the direction of wave travel and { axis pointing downward.

G
W -
éa
¢ Zs
—_—
Cw

Fig. 2. Two right-handed coordinate systems, but ys and 1 axes are not
illustrated. Here, cw represents the wave celerity.

As pointed out by Umeda [19], assuming that the hull form is almost longitudinally symmetric,
the Froude-Krylov force is represented as a first-order approximation. Here, we show the detailed
derivation of the sinusoidal surge force.

The velocity potential of incident wave, ¢g, can be represented as

9w
— e

~Rw2e sin (kwéa + kws cos Xs — kwys sin xs — wet) (1)
w

b0 =
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where £ is the relative position of the center of gravity of the vessel to wave and has its origin at
a wave trough. xg, ys, and zg are positions on the hull, and the origin of its ship-fixed right-handed
coordinate system is at the center of gravity of the vessel, g is the gravitational acceleration, (w is
the amplitude of the incident wave, kw = g/w@, = 2m/X is the wave number, wyy represents the wave
frequency, A is the wavelength of the incident wave, and x5 is the ship direction to the incident wave.
Here, the following relation exists between wave and encounter frequencies:

we = ww — kwU cos s (2)

where U is the forward velocity of a vessel. The pressure p can be calculated as

0 0
Pzﬂ(a—Ua—xJ% (3)

where p is the water density. In the following/quartering seas, the encounter frequency is almost zero.
Therefore, hereafter, w, = 0 and then p can be calculated as

p = —pglwe "W cos (kwéa + kws cos Xs — kwys sin xs) (4)

The integration of pressure p over the hull surface yields the Froude-Krylov force:

it = / /S H(—p)nlds (5)

Here, Sy denotes the hull surface region for area integral. The minus sign in —p, is derived from the
definition of the normal vector. As the main goal here is to obtain the surge force, we need to have
zs directional normal vector n;. However, unlike ys or zg directional normal vectors, the computation
of x5 directional normal is not necessarily easy. Therefore, to bypass the use of ny, Gauss’s theorem
is applied.

Here, as shown in Fig. 3, the authors introduce the surface region, Swi, i.e., the water-level region
inside the hull, and the pressure on Sy is rigorously zero in the framework of linear theory.

Su

Fig. 3. Definition of Sy and Swr.

Then, by using Gauss’s theorem, the surface integration is successfully converted to the volume

integral.
FK op
Fi® = (—p)n1dS = — dv (6)
Su+Swi Vo 8Is

Here, Vj denotes the underwater hull part for volume integral. Now, we substitute Eq. (4) into Eq. (6),
and the volume integral can be divided into two integrals, namely dz and dS, by following the scheme
of the strip method.
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FI'™ = —pgCwkw cos xs /// e W= sin (kwég + kwas cos xs — kwys sin xg) dV

g (7)

= —pgCwkw cos Xs/ dxg // e Fw2s gin (kwéa + kwaxs cos xs — kwys sin xs) dS
L Ssa(zs)

where £ represents the zg-directional integration over ship length L, and Sga(xs) represents the

surface integral over a sectional area at x5. Now, the sinusoidal term can be expanded as
sin (kwéa + kws cos xs — kwys sin xs) (8)
= sin (kw&g + kwxs €os Xs) cos(kwys sin xs) — cos (kwéa + kws cos xs) sin(kwys sin xs)

Then, in the case of usual bilateral symmetry vessel, the second term in Eq. (8) disappears. Then,
we can obtain

Fy'® = —pglwkw cos Xs/ sin (kwéa + kw s cos xs) dxs/ e W= cos(kwys sin xs)dS  (9)
[, SSA(:L'S)

Here, the authors assume the rectangular hull section, which has the same ship breadth, B(zs), and
ship draft, d(x,). Further, component e~¥W?: is approximated as

e*szs ~ e*kwd@:S)/Q (]‘O)

Then, the second integral in Eq. (9) can be approximated as

B(xzs)/2

d(zs)
// e W= cos(kys sin xs)dS ~ ekwd(ws)m/ dzs/ cos(kwys sin xs)dys
SSA(ZES) 0 —B(ws)/z

d(zs) 11
— Cyr(22)B(x2) /O dz (1)
~ CWl (xs)AS (xs)

Here. Ag(xzs) represents the sectional area. In Eq. (11), Cyw1(zs) represents

sin(kw sin xB(zs)/2)
kw sin xB(xs)/2

Cwi(zs)

11l
—~

—_

[\V]
~—

Finally, the Froude-Krylov surge force can be written as
FlFK = —pgCwkw cos X/ 6_'vad(gcs)/z(JW1(xs)AS (xs) sin (k'ng + kwz cos Xs) dzs (13)
L

In the case of the following seas, xs is zero. Since lim,, _,o Cw1(zs) = 0, we have:

F.E.
Xw (SG) = _ngWkW/ AS('Ts)eil{:Wd(xs)/2 sin kw (gG + xs) dag (14)
A.E.

Here, A.E. means the aft-end whereas F.E. does the fore-end. Now, amplitude component fw and
phase component ew can be represented as

Xw (§a) = —fwsin (kwéc +ew)

fw = \/ I\Qm + I\szz
EW = tan~! (IWQ/IWl)
F.E. (15)

Iw1 = pglwkw Ag(as)e MW dE)/2 cos kyy zod
AE.

where

F.E.
T = pgCukw / Ag(as)e™ ™9/ gin oy da,
A.E.
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4. Equation of motion

The following relation on the velocity holds:

Here, cw = \/g/kw represents the wave celerity whereas u does the instantaneous ship velocity. In
steeper waves, the wave celerity with nonlinear correction, that is ey = \/g/kw+/1 + k%,¢%, [20], can

be used.
The equation of motion that represents nonlinear surge motion is given as

d*c

i+ (B~ Tu(unr)) - X (€e) =0 (1)

(ms + msy)
In this equation, mg: the ship mass, mg,: the added mass in the x direction, R(u): the ship resistance
which is positive in the negative x direction, np: the propeller revolution number, To(u,np): the
propeller thrust. Hereafter, the resistance in waves is considered the same as the value in calm water
at the same velocity; the effects of changes in trim, wetted surface, waterplane, local draughts, LCB
position, and other factors are all ignored [19].
The ship resistance component, R(u), is represented as the ny-th order polynomial:

nm
%eruj:r1u+r2u2+-~ ) (18)
j=1

Then, the ship thrust can be calculated as

To(u,np) = (1 —tp) pn%D%KT (Jp(u,mp))
(1 —wp)u (19)

where Jp(u,np) = D
npDp

where Dp: the propeller diameter, tp: the thrust deduction coefficient, wp: the wake fraction co-
efficient. Thrust coefficient Kt (Jp(u,np)) inside T, is also represented as my-th order polynomial:

M
Ky (Jp(u,np)) =~ Z ki (u,np) = ko + k1Jp(u,np) + Ko B (u,np) + - - - (20)
J=0

By substituting Eq. (20) in Eq. (19), the ship thrust can be calculated as

% (1—tp) (1 — wp)’ prjul

Te(u,np) = g
np " Dp

5 (21)
j=0

Then, the equation of motion becomes

(ms + ms) 58 4 53 g ne) (;)(ﬁf) T+ f sin kwé = T (ew. ) — R (ew)

j=1k=1
(1 —tp) (1 —wp)’ pr;

where cgj(np) =r; —

2 j—4
Dp
(22)
The introduction of new coefficients yields the following results:
A% s | o déc\” fw T; (ew, np) — R (ew)
56 sn k - ’
dt#2 + kZlQSk(nP) < dt ) + mg + msy St WgG ms + Mgy
- (23)
where ask(np) = ms + me. Z csj(np) ( ) Cjw
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The finally obtained equation of motion (Eq. (23)) is identical to that of a pendulum swing with
constant torque.
Now, the introduction of new coefficients yields the following:

PPy & dy\"*
+) " Agi(np) <) + gssiny = 7 (np)
k=1

de2 dt
y = kwéc
Ag(np) = ! "ZMcs(np)(j )at 24
k‘{civil(m8+m8:r) j=k ’ k W ( )
where e Fukw
S ms + Mgy
T. (ew,np) — R k
re (np) = (Te (ew, np) — R (ew)) kw
ms + msg

Further, if the following nondimensional time 7 = ,/qst is introduced, then coefficient gg in front
of sinusoidal term can be eliminated:

@+nZMA (np) dy k+sin =75 (np)
a2 2 sk\P) \ - Yy =rs(np

T=Vat (25)

T k/2-1
where J Ask(np) = Ars(np)gg/
s (np) = 1 ()
as

This equation has two nonlinear components, complicating the direct analytical approach: (i) the
“damping” component, 3—2 and (ii) the “restoring” component, y.

As stated above, the obtained equation is equivalent to the equation of motion of a nonlinear
pendulum with a constant-torque motor, as shown in the left panel of Fig. 4. This equation yields
two equilibrium points on the lower and upper sides, as shown in the right panel of Fig. 4, which
are stable and unstable, respectively. As shown in Fig. 5, when the constant torque is small, the
pendulum oscillates around the lower, stable equilibrium point, as shown in the left panel. However,
when the magnitude of the torque is increased, this pendulum changes to a rotational motion, moving
in circles, as shown in the right panel. The boundary between the two is the global bifurcation point,
which in this case is called the heteroclinic or homoclinic bifurcation point. Under this condition, a
special orbit appears that connects the two saddle points over an infinite time as shown in Fig. 6.
This is called a heteroclinic or homoclinic orbit.

Unstable Equilibrium Point

Constant Torque Motor

)

Constant Torque

Stable Equilibrium Point

Fig. 4. Equivalent pendulum with the surf-riding motion.
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Global Bifurcation

Fig. 5. Global bifurcation in the pendulum.

Fig. 6. Pendulum motion at heteroclinic bifurcation condition.

5. Phase portrait

Although it should be noted that the existence of the equilibrium point does not directly imply the
occurrence of wave riding, the existence of an equilibrium point for the surge motion is the minimum
condition for the occurrence of the surf-riding phenomenon. Figure 7 shows the ship’s longitudinal
position as &g/, i.e., y/2m, which satisfies the following equation:

gssiny —rs(np) =0 or fwsinkwéc — (Te (ew,np) — R(ew)) =0 (26)

In this calculation, DTMB5415 hull form is used, and the details of the subject vessel used are shown
in Section 13. The wave conditions are A\/L = 1.25 and H/\ = 0.04. Here, H is the wave height. The
horizontal axis of this plot displays the Froude number, Fn, which corresponds to the Froude number
for the same propeller revolution in calm water. This Fn is defined as

Fn= (27)

-
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Here, L is the ship length. In addition, the vertical axis is a longitudinal position.

0-5 T I T T T T 'k.\.\- T T
Stable \"'\.\
e Unstable N |
<
5 0.0
P

_05 nonn_n |l nonn Il _n O O Y B [ R T W R R (T,
0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60
Fn

Fig. 7. Position of the equilibrium point and its stability with respect to
A/L =1.25and H/A = 0.04.

As no equilibrium point is observed in the blue region, a ship cannot surf-ride. The boundary
between blue and yellow regions is the local bifurcation point, which is known as the tangent bifur-
cation, and the tangent bifurcation points are located at Fn = 0.2602 and Fn = 0.5639. However,
note that the surf-riding phenomenon does not always occur in yellow areas; it could occur if special
initial values are used [12, 21]. The boundary between yellow and red regions is the global bifurcation
point, termed as the heteroclinic bifurcation, and the corresponding heteroclinic bifurcation points
are located at Fn = 0.3318 and Fn = 0.5532. In addition, surf-riding occurs in this red region for
all of the initial values. Hereafter, the heteroclinic bifurcation point at lower velocity is referred to
as the surf-riding threshold and the heteroclinic bifurcation point at high velocities is termed as
the wave-blocking threshold. Figures 8-9 show the schematic views of the equilibrium points and
their stability for low and high velocities, respectively.

Vessel position ¢
0 G
% 'UP‘:\Y\ -
B————— i
Cy Te (ew,np)  Xw(éa)
Te (ew,np) — R (cw) > >
Force \ < R (ew)
A
éa
52 o et -
L >

Stable forcus

Total force A Xw (§a) = —fwsin (kwéc) | Saddle \
M K ~ EG

Fig. 8. Schematic view of equilibrium points and its stability in low speed
surf-riding condition.

The phase portraits for DTMB5415 are shown in Figs. 10 and 11. The wave conditions in this
calculation are \/L = 1.25 and H/\ = 0.04. Figure 10 indicates the change in the phase portrait
due to the change in the ship speed around the surf-riding threshold. With Fn = 0.2500, every
trajectory converges to the periodic attractor (gold line), as no stable equilibrium point exists for
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Vessel position fq

0 /gj >
v Lelowne) o | Xw(6) = —fwsin (kwéc)
Force i <R (ew) (Xw(fG) o

Stable forcus

Fig. 9. Schematic view of equilibrium points and its stability in high speed
surf-riding condition.

this condition. With Fn = 0.3300, there exist trajectories that converge to the periodic attractor
and stable equilibrium point. The stable equilibrium point indicates the surf-riding phenomenon, and
this attractor has been analyzed in detail by Umeda [12, 21]. In this wave condition, the surf-riding
threshold is Fn = 0.3318, and the blue line existing in the third plot indicates the heteroclinic orbit
connecting the saddles. For Fn = 0.3600, every trajectory converges to a stable equilibrium point.
The phase plane changes qualitatively before and after the surf-riding threshold. Figure 11 shows the
change in the phase portrait due to the change in the ship speed around the wave-blocking threshold.
In this wave condition, the wave-blocking threshold is Fn = 0.5532. Similar to the qualitative change
in the phase plane near the surf-riding threshold, a qualitative change occurs in the phase plane
around the wave-blocking threshold.

6. Numerical bifurcation analysis [22, 23]

Numerical techniques for directly identifying heteroclinic bifurcation points have been extensively
investigated [24]. This section describes the numerical method proposed by Kawakami [22]. Al-
though not employed by Maki [23], the numerical bifurcation tool, AUTO, developed by Doedel and
Friedman [25, 26] has been widely used in related studies.

First, the state vector is defined as

X = (&c/M\u)' € R? (28)

The equation of motion, i.e., Eq. (17), is represented as the following vector form:

S = B (= (s (X), fsa())T)
fs1(X) =u/A (29)
where Faa(X) = ~ R(u) — Te(u, np) n Xw(éa)

mgs + Mgy ms + msg

Here, fs:R? - R?, fs12:R? - R.
The definitions of unstable manifold « (Xp) and stable manifold w (&X}) are given as follows:

a(;co)—{X|t£mwX(t)—xo} and w(Xl)—{X| lim X(t)—Xl} (30)

t—+o0

The saddle-type equilibrium points are defined as Xy = (fgo/)\,cW)T and X = ({Gl//\,cw)T, and
Eao/A = Eq1/X + 2m. Here, Xy and X satisfy:
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Fn = 0.2500

151
10
S
0.5
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0
&/
Fn = 0.3000
T
1.5 \
3
© 1.0 .
210} |
0.5 E =
| | | |
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0
&/
Fn = 0.3318

-0.5 0.0 0.5 1.0 1.5 2.0
Ea/A
Fn = 0.3600

-0.5 0.0 0.5 1.0 1.5 2.0
&a/A

Fig. 10. Phase portrait in the case of low speed with A\/L = 1.25 and
H/X = 0.04. Here, the gold lines represent the periodic attractors, red lines
represent stable and unstable trajectories, and blue lines represent the hetero-
clinic trajectories. Further, the blue points denote the stable equilibrium point
whereas the red points denote the unstable equilibrium points.

fs (Xo) = fs (A1) =0 (31)
Now, we linearize the state equation in the vicinity of both equilibrium points X and A as follows:

dx dx

Agp € R?*2 indicates the Jacobi matrix at Xy or X; as follows:

A < agE11  QE12 > 0 1/A
E = = Of2 Of2
QE21 QE22 9€g,n  Ou

Here, p, and p,, represent eigenvalues of Ag, which represent the negative and positive real parts,

(33)

X:XO or Xl

respectively:
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Fn = 0.5200

r i — T N e T T T
150 ]
S10f
3 L
0.5 \
[ L oSS P oSS P P B R R L L
2.0 15 -1.0 0.5 0.0 0.5 1.0 1.5 2.0
§a/A
Fn = 0.5532
. A l\:
S0l
3 [
0.5 \
L s L | L h L s L s N | s h L L I L L s | L h L L | L L L | L
2.0 15 1.0 0.5 0.0 0.5 1.0 1.5
§a/A
Fn = 0.5600
L T T T T T T T T T
1.5 |F -
T
S1o0f
3 [
\ P NG B P N P NG N L |- N L | - P
2.0 15 1.0 0.5 0.0 0.5 1.0 1.5 2.0
&/

L. ' L h L L ' h s " L h f L ' A | L ' f h ' ' L A L L ' h '
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
&/

Fig. 11. Phase portrait in the case of high speed with A\/L = 1.25 and
H/X = 0.04. Here, the gold lines represent the periodic attractors, red lines
represent the stable and unstable trajectories, and blue lines represent the
heteroclinic trajectories. Further, the blue points denote the stable equilibrium
point whereas the red points denote the unstable equilibrium points.

2p0,w — (ap11 + ap2e) F \/(aEn + OéE22)2 — 4 (ap110m22 — ap120E21) =0 (34)

The eigenvectors for these two eigenvalues are defined as ha = (Ega /M, ta) ' and hy = (Ecw /A, uw) |-
Now, the authors take X, and X, on « and w blanches as follows:

ho =Xy — X and h,=4&,—X; (35)
Of course, h,, and h,, satisfy the following condition of eigen direction:
(Ag — pol) -he =0 and (Ag — pol) - h, =0 (36)

Here, I € R? indicates the unit matrix. Further, X, and X, are located in the vicinity of the saddles;
therefore, the authors impose the following condition:
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1hall® = 1hw]l* = (37)

Here, eg < 1 is a preset sufficiently small value.
Moreover, heteroclinic bifurcation occurs when stable and unstable manifolds contact each other.
Now, we define trajectory vy (X1, 71) € R2 at time 77 with initial condition A as

Y (X1, 71) = (mn (A4, 71) , Yz (A, 7)) T (38)

Trajectories starting from Xy and X} contact at the intermediate point at time 7y.

{ Y1 (X, 71) — Y1 (X, —71) =0

sz (Xo” TI) — ¢H2 (wa —TI) =0 (39)

The computation of v (X,,, —71) is obtained by solving the ordinary differential equation (Eq. (29))
in inverse time.

Finally, every condition (Eq. (31), Eq. (34), Eq. (36), Eq. (37), Eq. (39)) was solved by using
Newton’s method for np, Xy, X1, ta, to, Pa, Pw, and 71.

7. Method based on the quadratic approximation of the damping com-
ponent [15]

As stated previously, the equation of motion (Eq. (25)) has two components that complicate the
theoretical approach. Spyrou [15] approximated the nonlinear “damping” component by using the
quadratic function as follows:

q2 d dy\> . )
&y + vs(np) sgn <y> . (y) + siny = 75 (np)

dr2 dr dr
> Aa [k (40)
- 0
where  ag(np) = =
/ vido
0

where v = dy/d7 and v, is an upper limit of the least square fit of the damping component.
Equation (40) is well known to possess an analytical solution. The variable transformation is applied
to Eq. (40) to yield:
1dv?

§d7y+’Ys(nP)SgnU'vz = —siny + 7s (np) (41)

In the case of g—g < 0, the solution becomes

9 _ _ fequenstey 1 205y T 20s(np)sing) _ 7s (ne) (42)
dr 14 4~3(np) ¥s(np)

Here, cqp represents the arbitrary coefficient to be determined by the initial condition. If Eq. (42)
satisfies the following condition:

g oa YU , (43)
dr y =11 — 2kqm

then, Eq. (42) becomes the heteroclinic orbit, and such a condition is the heteroclinic bifurcation
point, where y; indicates the saddle.

y1 = (2kq — 1)7 — sin~ ! 75 (np) (44)

Here, kq is the arbitrary constant, and stable equilibrium point y, is formulated as follows (however,
it has not been used in subsequent analyses):
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yo = 2kqm + sin~! 7s(np) (45)

Finally, the condition of the heteroclinic bifurcation can be obtained as

1
- =1+ 46
7§ (np) 43 (np) (46)
which results in
k2 (ms + TTLSI)2
fw = (R—Tu(n \/ W +1 47
w = ( (np)) 2 (ne) (47)
On the other hand, in the case of %’ > 0, then the solution becomes:
dy 9 2(cosy — 27s(np)siny) | 7s(np)
— = cooe” vs(np)y —+ -+ 48
ar \/ @ T+ 82ne)  astue) )

Here, cqa represents the arbitrary coefficient to be determined by the initial condition. The same
approach results in the upper-speed heteroclinic bifurcation condition, which is written as

k3, (ms + mss)’
4v3(np)

L v fw=(To(nP)—R)\/

7§ (np) 493 (np)

+1 (49)

8. Method based on the cubic approximation of “restoring” compo-
nent [18]

One of the nonlinear components that complicates the problem is the nonlinear term of the damping

term. Therefore, Maki et al. [18] introduced the linear approximation of this component as follows:

d%y
@ + Bs (nP)

dy
dr

nm Ve
> Agp(np) / V"o (50)
k=1 0

where Bs(np) = —= -
v?dv
|

Owing to the nonlinearity of the sinusoidal function, which represents the restoring moment, Eq. (50)
is still difficult to solve analytically. Here, this sinusoidal function is approximated using a third-order

+siny = fs(np)

polynomial, as follows:
siny ~ —pcy (y — ye) (¥ + ye) (51)
where uc = 3% and yg = w. Then, Eq. (50) becomes
2
Y1 Bs(ne) L — oy (v — ) (5 -+ ye) = 7s(e) (52)
Now, because of this approximation, the periodicity of wave-induced force disappears; however, the
approximation for one wave is sufficient for approximately obtaining the heteroclinic orbit joining two
saddles. Here, assuming ac; < ace < acs, an analytical factorization, such as Cardano’s technique,

yields
d? d
5+ Bs(ne) <L = jic (y — ac) (y — acz) (y — acs) =0 (53)
dr dr
Now, we introduce a new variable, 3 as follows:
d%y dy . _ N
a2t ﬁS(nP)E +ficy(L = g)(§—a) =0
= Yy —aci
acs — aci (54)
where 5= de2 — dci
acs — aci

~ 2
fic = pc (ac3 — act)
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The connection between Eq. (54) and the FitzHugh-Nagumo equation [27, 28], except for some of the

coefficients, has already been discussed by Maki et al. [29]. Now, the following solution form of the

heteroclinic orbit is assumed [29, 30]:
dy

F ey(l—g) or

U _20-p0-2) (59)

The left side of Eq. (55) indicates that the heteroclinic orbit becomes a parabolic function on g and
the g—ﬁ plane. Now, the substitution of Eq. (55) into Eq. (54) yields
7 (fic — 28%) + (&° + Bs(np)é — fica) = 0 (56)
If the trajectory (Eq. (55)) represents the solution of Eq. (54) for § € (0,1), then the following
condition must be satisfied:
fic —2¢2 =0
~ . 57
{ &+ Bs(np)é — fica =0 (57)
The elimination of ¢ from Eq. (57) yields
e

— £ Bs(np)

5 — jpca =20 (58)

w‘g’

Equation (58) can be solved using numerical iteration methods, such as Newton’s method with respect
to propeller revolution number, np. Then, ¢ or jic can be determined from:

¢=FVic/2 (59)

Here, the heteroclinic orbit in the time domain becomes

U = 1 or y(t :1 an er—d
)= ey IO 2<1+t b ) (60)

In Eq. (60), d € (—o0,0) is an arbitrary constant that can be determined by the initial condition.

9. Continuous, piecewise linear approximation method [16]

One of the nonlinearities that makes the theoretical approach difficult is the sinusoidal component
included in the equation of motion (Eq. (50)). Therefore, Maki et al. [16] tried to approximate this
term by using the following continuous piecewise linear function Spr:

—2(y+m) : Rangel [-2r<y<-—1inx]
siny ~ Spy, (y) = 2(y+2r) : Range2 [-3r<y<—37] (61)
_%(y+377) : Range 3 [—%ﬂgyg —%w]

Figure 12 shows its schematic view. Then, Eq. (50) becomes as follows:

Range 3 Range 2 Range 1

5

\/
<

Vs 3T

Fig. 12. Schematic of piecewise linearization of a sinusoidal function.
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d%y
a2 + Bs(np)

dy

o SpL(y) = 7s(np) (62)

Komuro [31] as well as Endo and Chua [32] have extensively analyzed the piecewise linear system.
In the field of naval architecture and ocean engineering, Belenky [33, 34] proposed a method for
calculating the capsize probability in beam sea conditions based on a piecewise linear approach. Now,
the equation of motion is linearized in each region. The solution of Range 1 is given as:

AT ep 2T — 2 (Fs () + 2)

~Bs(np) + /Bs(np)? £ 87 (63)

2

?J(T) = CpL,1€

where Apy, 12 =
In addition, the solution of Range 2 is formulated as

i
y(r) = CPL,SE)\PL’ST + CPL,4€’\PL’4T + E(fs(np) —4)

~Bs(np) + /Bs(np)? ~ 87 (64)

2

where App, 34 =

The solution of Range 3 is formulated as

APL,1T

™
y(T) = CpL5€ + CPL766)‘PL‘27 - §(fs(np) + 6) (65)

Then, the solutions of Ranges 1 and 2 connect at the border as

<Z/7ji> = <—;’7T7 ZPL,1> (66)

Here, Zpy, 1 is an unknown parameter to be determined later. Then, if we impose the satisfaction of
Eq. (66) at time 7 = 0 for Eq. (63), then unknown coefficients cpy, 1 and cpr, 2 can be determined as

(67)

[—ZpL1 — FApL2(1 — Ts(np))]

CPL1 = sprroaers [ZPLa + SApL2(1 — Ts(np))]
CpL2 = !

APL,1—APL,2

Similarly, the solution of Ranges 2 and 3 connect at the border as

(5 50) = (~5m 2.2 (69)

Then, if we impose the satisfaction of Eq. (68) at time 7 = 0 for Eq. (65), unknown coefficients cpr, 5
and cpr, ¢ can also be determined as

CPL5 = 3o 14PL2 — 5ApL2(l + 7s(np))]
{ CPL,6 = m [—Zpr2 + AL (1 + Ts(np))] (69)
Considering the characteristics of the heteroclinic orbit, the following condition must hold:
cpL2 =0 and cpr5=0 (70)
Then, unknown coefficients Zpy,; and Zpr, 2 can be determined as follows:
ZpL1 = —g)\PL,l(l —7s(np)) and Zppz = g)\PL,Q(l + 7s(np)) (71)

Now, if we impose the satisfaction of Eq. (66) at time 7 = 0 for Eq. (64), unknown coefficients cpr, 3
and cpr, 4 can be determined as:

T APL1 + APL.4

Ll T ApL1 + AP
2 ApL,3 — APL4

CPL,3 = — (1 — ’F(np)) and CPL,4 = (]. - f(np)) (72)

2 APL,3 — APL 4
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The matching of the trajectory after 7 seconds results in the following condition:

*g(l + 7s(np)) = cprLze T + cpr, g€ T

(73)
T B _ _
5)\PL,2(1 +7s(np)) = cpL s pL3€ P27 + cpr aApr 44T
Here,
CPL,3,4 = CPL,R L iCPL (74)
APL,3,4 = APLR L IAPLT

Then, the authors finally obtained the following condition, which must be satisfied by np and 7. Both
properties are determined by Newton’s method.

—g(l + 7g(np)) =2 LRT [cpp, g €OS ApL 1T — CpL 18I0 ApL, 17]
%)\PL,z(l + 7s(np)) =2e*LR7[(cpr, RAPL.R — CPLIAPL.I) COS ApL, 1T (75)
— (epL,RAPL,I + CPLIAPL,R) SID ApL, 17]
10. Melnikov’s method for the Hamiltonian part [16]

Melnikov’s method [14, 35, 36] is a powerful analytical method to estimate the heteroclinic point

of nonautonomous systems. In the field of naval architecture engineering, this method has been
utilized to predict the capsizing event in seas (e.g., [29]). Now, we assumed the following general

nonautonomous system:
d
= = f(@) +eg(a,7) (76)
dr

where z € R”, f(z): R® — R", g(x,7): T x R® — R", and € € R" is a small parameter. Assume

that the primary part of Eq. (76):
dz
. = /@ (77)

has saddles. Then, we assume that the primary part has a separatrix, xsp, in a certain parameter
condition. Then, Menikov’s function is formulated as

M=- /00 f(zsp) N eg(zgp, T)dT (78)

Here, A indicates the wedge product. In the two dimensional case, ay A by = ayibys — ayobyy for
a$ = (avi,av2) € R? and bg = (by1,by2) € R%. This indicates the projection of the difference
between stable and unstable branches onto the hyperplane, which is diagonal to xgp.

Now, let = € R? be

— dy .+
v(r) = (5, ) (79)
Then, we define f(x) and eg(z, 7) for the components of Eq. (25) as follows:
dz
S0 = F(@) + egla,7)
dy ' 2 2
flx)= (dT,—smy> eR* =R (80)

where . Ak T
g(z) = <O,Fs (np) — Zf_ls;c(n) (dy> ) cR? s R2
k=1 T

The Hamiltonian part of Eq. (25) is defined as

d?y .
Tz Teiny = 0 (81)

The phase portrait of the Hamiltonian system (Eq. (81)) is shown in Fig. 13. The trajectory connecting
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Fig. 13. Phase portrait of the Hamiltonian system (3272 +siny = 0). Here,
the red solid lines indicate the separatrix (Eq. (82)).

y = +m on the lower or upper sides of vector field can be determined as follows:

dy y
— = F2cos = 2
v = cos (82)

This is called a “separatrix.” Here, the Melnikov function is defined as follows:

M = /ioov<rs np) ZASk < >k>dr (83)

By substituting Eq. (82) into Eq. (83), we get

+7 +m

M= rs (np) dy — ZMASk(n)/
k=1

y k
(:FQ cos —> dy (84)
Fr Fr 2

Assuming that M = 0, the following relationship can be obtained:

271'7"3 ’np Z ASk

) (85)
where I = / cos® (y/2)dy
Here, Iy, can be evaluated using the Gamma function, I'.
k+1 k+2

Ik_2\/_1“< +>/F< ;r) (86)

Note that Iy =4, Ir =m, Is = %, Iy = %ﬂ', and I5 = % Here, if we put nyy = 1, then we have
T. (ew;np) — R (ew) _ 4egy (87)

fW F\/fwkw(ms + msm)

This relation is completely identical to the formula obtained by Kan [11]. Next, if we set ny = 3 and
k3 = 0, then we have

T. (cwinp) — R(cw) _ 4 (csi+ 2csaew + 3csscly) | 2 (cs2 + 3essew)
fw 7/ fwkw (ms + ms,) kw (ms + ms,) (58)
32cs3v/ fw

eo

3 [kw(ms + mgz)]
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This relation is completely identical to the formula obtained by Spyrou [15].
Finally, if we set ny = 5 and k; = 0 (j = 3 ~ 5), then we have the following formula [29]:

Te (ew;np) — R (ew) . 4 (CSl + 2cqocw + 30330%\, + 40540%\, + 5cs5c§1,v)
fw 7 fal 2K (ms + mgy) /2

2 (CSQ + 3cgzew + 66340%\] + 100350%\;)
kw(ms + mg,)

32 (cs3 + 4esaew + 10csscy)) f;f (89)
3’/Tk%2(ms + msx)B/Q
6 (csa + Sessew) fw
k3, (ms + mgg)?
512¢s5 fol?

- 1577/6\%2(7713 + mgy)5/2

This relation is completely identical to the Second-Generation Intact Stability criteria (SGISC) [37, 38]
described in Section 14.

11. Melnikov’s method for the non-Hamiltonian part (I) [39]

The original Melnikov’s method is applicable for the separatrix of the Hamiltonian part of the system.
In addition, the extended Melnikov’s method [40] can be applied to the heteroclinic orbit of the non-
Hamiltonian part of the system. In the field of naval architects and ocean engineering, this extended
Melnikov’s method is used in the study of the capsizing phenomena in regular beas seas [29, 30, 41, 42].
Maki and Miyauchi [39] applied the extended Melnikov’s method to the heteroclinic orbits, which had
been already obtained in [15]. This section presents the results of this method.

Here, Eq. (40) is solved using the following additional correction term:

gt () s () 4 Tone) 2 Do) () 4 siny = rs(or) (90)
— n — —= np)—— n — iny = 7s(n

dr2 Ys{np ar g dr 1\ ) - 2(tp) \ 4f ) s{np

In the above-mentioned equation, I';(np) and T's(np) are determined as the best fit of the original
nonlinear damping term in terms of the least square fit. Now, to apply the extended Melnikov’s
method, oy is added to both sides to get

d2

dy\ 2 d , d dy )\ 2
Y rsme) (52 sen (S2) +siny—rs(np) +ont = — [Ti(np) 52 +Ta(np) ( 52 ) | +ont (91)
dr dr dr dr dr

The left part of the above-mentioned equation has been explained in Section 7. If oy satisfies the
following condition, the heteroclinic trajectory is achieved:

_ 2ys(np)
oN1 = Ts(np) £ ————rre (92)
The trajectory in the phase plane can be expressed as
2
v="T 77 |cos Y —;83, where tane, = F27g(np) (93)
(1+49§(np))
The extended Melnikov’s integral can be evaluated as follows:
o
M = —/ v (0N1 —Ty(np)v — Fg(np)v2) eF21s(nP)y g7
o (94)

- _/ (UNl —I'i(np)v — Fz(np)vg) eT2vs(np)y dy

—T—&y
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By imposing M = 0 and considering Eq. (94), the following condition of the surf-riding threshold is
achieved:
oni (=1 + eFhsnrly)
Ys(np)
8F1(np) (1 + €$4'YS(7LP)?J) 2F2(np) (_1 + e$4’ys(np)y)

(L4 1692(np)) (1 + 42 (me) "+ 7s(ne) (1 + 42(ne)) /1 1 5rZ(nr)

(95)

12. Melnikov’s method for non-Hamiltonian part II [39]

Maki and Miyauchi also applied the extended Melnikov’s method [40] to the system used in [16]. They
introduced the correction components for the approximated wave force part as having the form of a
fifth-order polynomial as follows:

siny ~ —pucy (v — ye) (y + ye) + o1y + 03y° + 05° (96)

In this equation, the former part —ucy (y — yr) (y + yg) is identical to Eq. (51). The later new terms
are additional components, and the coefficients o1, o2, and o3 are determined to be the best fit to
sinusoidal function in y € [~37/2,37/2]. In our case, o1 = 3.352 x 1073, 09 = —3.680 x 1072, and
o3 = 5.035 x 1072 are utilized. Moreover, the correction components for the damping term, (Ss(np)
and Bs2(np)), were also introduced:

d%y dy dy dy\?
@ﬁ@s(np)g + 551(”?)5 + Bsa2(np) <d¢>

— ey (y —yp) (y+ye) + o1y + 03y® + o5y° =g

(97)

Then, ono is added to both sides to get

Y a5 Y ey (4 — ) (4 + y) — () +
12 s{np ar ey \y —YE)\Y T~ YE) — rs(Np) T ON2

d dy\?
- (’351(np)di + Psa(np) (di) + o1y + o3y’ + 05y5> + one

First, the authors solve the following non-Hamiltonian part of Eq. (98):

d?y dy _
@4'55(”13)(177_ —pcy(y—yr)(y+ys) —7(np) +on2 =0 (99)

As shown in Section 8, the solution of Eq. (99) is written as

1 dg —ér+d
j= _ and W ewEertd) (100)

- 12
1 + exp(—¢7 + d) dr [1 + exp(—ér + d)]

where

— dy 1
Yo o ¥ -,

g =
acs — aci dr acs — aci

Here, the definitions of aci, aca, and acs are shown in Eq. (53). Then, the Melnikov’s integral can
be evaluated as follows:

M = —/ v [onz — (Bs1(np)v + Bsa(np)v?) — (o1y + o3y® + o59°) | €77 dr (101)

By considering Eq. (100), M can be evaluated as follows:
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M =0 (acs — ac1) i — Bsi(np) (acs — ac1)® I — Bsa(np) (acs — ac1)’ I

— (acs —ac1) (CoKo + C1 K1 + CoKo + C3K3 + C4 Ky + C5K5)
Co = a01(01aé1 + Ugaél + 05)
C1 = —(ac1 — acs)(borag, + 3o3ag, + 05)

: , (102)
Cy = aci(act — acs)”(1001ag, + 303)

where 3 5
Cs = —(ac1 — acs3)’(1001ag, + 05)

Cy = 501aci(act — acs)?

Cs = —o1(act — acs)®

Here, the definitions of K; (for i = 1 — 5) are shown in Eq. (107). Now, integral I; can be calculated
as follows, and I,, is defined as

I,=¢

o [ exp(—néT + Bs(np)T)
/ T Otepee T (103)

In addition, I; can be calculated for the integral path on complex domain, as shown in Fig. 14

Alm|[7]
2r/¢

<
<

Y T/ ¢ 1

N
>

Relr

Y

Fig. 14. Integral path for calculating I. Here, 7 = 7i/¢ represents the pole
of the integrand.

_: * exp(—ér + Bs(np)T) L mfs(np) csc(mPBs(np)/¢) sgn é
h= /DO [1 4 exp(—¢T)]? d ¢ (104)

The application of integration by part yields the following asymptotic relation:

_ Bi(np) —n?e&

=== Gng e (105)
Therefore, I, for n > 1 can be evaluated as
n_1TBs(np) csc(mPBs(np)/¢) sgn ¢ o N
e e | (CER LIRS (106
! i

Now, the result of integral K; is calculated. Here, K,, is defined as follows:

- > exp(—¢r + fs(np)T) .
Kot Frepcaper Hon

Now, Ky = I;. The application of integration by part yields the following asymptotic relation:

n+1)é+ Bs(np)

(
Ky = - K, 108
1 (n+2)¢ (108)
Therefore, K, for n > 1 can be evaluated as
s (np) cse(mfBs(np)/3) sgné 17 , .
K, = 1
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13. Comparison of the surf-riding threshold between theoretical and
free-running model experiments [39]

Here, we provide the comparison of the surf-riding threshold between the theoretical and experimental
free-running models. The target ship is the hull form known as DTMBb5415; its body plan in real
scale is shown in Fig. 15. In addition, its principal particulars and coefficient list are shown in Tables
I and II, respectively. The experiment was conducted in the towing tank (Length : 257 m x Width :
12.5 m x Depth : 7 m) of the Naval Systems Research Center (Acquisition, Technology and Logistics
Agency, MINISTRY OF DEFENSE, Japan)). The photograph of the tank is shown in Fig. 16. The
free-running model is a twin-screw and twin-rudder vessel and is equipped with two propulsion motors
(200 W output in each) and two steering motors (steering speed of 30 deg./s). Each directional angle
and angular velocity were measured using a fiber-optic gyro. Photograph showing the experiment are
shown in Fig. 17. Based on the observed states, the model was operated in a straight line in following
waves by proportional and differential (PD) control. This free-running model test is unique in that it
was conducted in a towing tank. Unlike the experiment conducted in the rectangular tank, the model
was able to travel a longer distance, and thus the surf-riding phenomenon could be tested up to very

high speeds of approximately Fn = 0.8 or more.

20

10 -

Z [m]

ot
T

-10 -5 0 5 10
Y [m]

Fig. 15. Body plan of DTMB5415 in real scale (Length : 142.17 m).

Table I. Principal particulars of DTMB5415 in 1/51.7 scale model (Length :

2.75 m) [39].
item value ‘ item value
Lwy [m] 2750 |V [m®] 0.0626
Bg [m ] 0.369 | Cy 0.507
ds [m] 0.119 | C, 0.618
Dp [m] 0.1045 | scale 1/51.7

The results based on all the theoretical and numerical bifurcation analyses described in this paper
are compared with the experimentally obtained surf-riding threshold in Fig. 18. In this figure, the
red point denotes the condition in which the surf-riding phenomenon happens whereas the black
point does the that in which the periodic motion happens. Furthermore, the area hatched in thin
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Table II. Coefficient list of DTMB5415 in 1/51.7 scale model (Length :

2.75 m) [39].
item value | item value
r1 [ N-s/m] 9.407 | ko 0.6882
rp [ N-s?/m? | —21.96 | —0.4047
rg [N-s®/m® | 19.56 | ko —0.09504
ry [N-s*/m*] 5243 | 1 —wp 0.94
rs [N-s/m® ]  0.4599 | 1—tp 0.85

Fig. 16. Towing tank of NSRC. Fig. 17. Free-running model experiment.

0.9 : . . :

e Surf-riding (exp)
e Periodic motion (exp)
Numerical bifurcation analysis
Formulae in Sec.7
——— Formulae in Sec.8
——— Formulae in Sec.9
——— Formulae in Sec.10
——— Formulae in Sec.11
Formulae in Sec.12

AL

Fig. 18. Comparison of the surf-riding and wave-blocking threshold for the
proposed methods with the experimental results as a function of \/L, with
H/X\ = 0.04. Here, the area hatched in thin red is the experimental condition
in which the surf-riding was observed. (This figure duplicates Figs. 9 and 10
in the literature [39], but with minor modifications).

red is the experimental condition in which the surf-riding phenomenon was observed. First, the
surf-riding thresholds obtained by numerical bifurcation analysis show a good correlation with the
experimentally obtained surf-riding threshold. The results obtained by numerical bifurcation analysis
are the correct solutions of the surf-riding threshold of the equation of motion which we are dealing
with. The equations used in this study, that is Eq. (17), are quite simple, and it considers only one
degree-of-freedom surge motion. However, it can be seen that the equations can be used to estimate
the nonlinear surge motion of the ship in the following seas with quantitative accuracy.

610



From this figure, the trend of the theoretically obtained surf-riding and wave-blocking thresholds
is generally close. However, there is some variation in the accuracy of the quantitative estimates.
Among them, however, the theoretical estimation methods based on Melnikov’s method are found to
be able to estimate surf-riding and wave-blocking thresholds with particularly high accuracy.

14. SGISC (Second-Generation Intact Stability criteria)

The IMO developed the SGISC to prevent ship accidents due to roll motion. Here, the “intact
stability” indicates the stability of a nondamaged ship, and the antonym is “damage stability”. The
current draft interim guidelines on the SGISC were finalized by the IMO’s Sub-Committee on Ship
Design and Construction in 2020 [37, 38] and are under a trial period.

The SGISC represent physics-based criteria for assessing five stability failure modes, namely, broach-
ing, parametric roll, pure loss of stability, dead ship condition, and excessive acceleration, and possess

a multilayered structure for each stability failure mode. The first two layers comprise level-1 and
level-2 vulnerability criteria, which are simplified assessments of the failure modes. The third layer
possesses direct stability assessment, which is a probabilistic assessment based on ship-motion equa-
tions validated with a model experiment.

The broaching phenomenon is a stability failure mode that has been considered in the SGISC. This
is because the centrifugal force due to broaching induces ship-roll motion, usually in the direction
away from the center of the yaw motion. As surf-riding is a precursor to broaching, the current draft
Interim Guidelines on the SGISC adopt level-1 and level-2 vulnerability criteria for broaching based
on the surf-riding dynamics. This section explains the level-1 and level-2 vulnerability criteria for
broaching.

The basic concept of the vulnerability criteria shows that a ship is considered vulnerable to the
broaching failure mode if the service speed is higher than the threshold of the nominal speed of the
ship, at which surf-riding occurs, regardless of the initial ship speed (the critical nominal speed of the
ship). The critical nominal speed of the ship is calculated as the nominal speed of the ship at which
the heteroclinic bifurcation occurs. Here, the nominal speed of the ship indicates the speed of the
ship for a given propulsor(s) input in calm water, i.e., without waves.

In the case of level-1 vulnerability criterion, a ship is considered to be nonvulnerable to the broaching
failure mode if

L > 200 [m)] (110)

or
Fn < 0.3 (111)

Here, L [m] is the length of the ship, as defined in paragraph 2.12 of the introduction part of the
2008 IS Code, and Fn is the Froude number, which is a speed-length ratio based on inertial and
gravitational forces defined as

Vs
VLg
Here, Vj represents the service speed of the ship and g is the gravitational acceleration. Equation
(110) corresponds to the fact that a ship can only surf-ride a steep wave of a length comparable to the
length of the ship and that a long, steep wave rarely occurs in the ocean. Equation (111) corresponds
to the lower surf-riding threshold in the case of conventional ships [38].

Fn = (112)

In the level-2 vulnerability criterion, vulnerability is judged based on the occurrence probability of
surf-riding. In ocean engineering, sea states are generally considered from two perspectives: short- and
long-term. In the level-2 vulnerability criterion, the short-term sea-state statistics are characterized
by the significant wave height and zero-crossing wave period, and the long-term sea-state statistics are
given as a joint frequency table of the significant wave height and the zero-crossing wave period (wave
scatter table). Once the spectral density of the wave elevation is achieved for the short-term sea state,
the probability density function of the local regular wave is determined according to Longuet—Higgins’
theory [43]. Then, the critical nominal speed of the ship is calculated for each local regular wave, and
the occurrence probability of surf-riding in the sea state is estimated as the occurrence probability
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of the local regular waves, where the critical nominal speed of the ship is less than the service speed
of the ship. Therefore, in the case of the level-2 vulnerability criterion, a ship is considered to be
nonvulnerable to the broaching failure mode if

C < Rsr (113)
where
Ny N,
C:ZZ w2 (Hs,Tz)ZZwij (Hs,Tz) ng'j (114)
Hs Ty i=0 j=0
Rsr = 0.005 (115)

Here, C: a value corresponding to the occurrence probability of surf-riding, W2 (Hg,T7): probability
of short-term sea states based on the wave scatter table (Table III) [44], Hg: significant wave height
[m] that is specified in Table III, T%: zero-crossing wave period [s] that is specified in Table III, w;;:
joint probability density function of a local wave with the wave steepness and wave-length to ship-
length ratio [43], N,: number of discretization for the wave-length to ship-length ratio of the local
regular wave, Ny: number of discretization for the steepness of the local regular wave, and C2;;: the
coefficient of the occurrence of surf-riding. The joint probability-density function of a local wave, w;;,
is calculated as

_4@L%T01 2. 3 V1+v?

Wits ) =y, T Wa W s ATwAsw
2 (116)
cexp g —2 Lrwisw; i 1+i 1— _9Ton*
P Hs V2 27TTWZ‘L

Here, v:represents the band parameter, 0.425; Tp;: is the mean wave period, 1.08677%, sw;:is the wave
steepness of the local regular wave varying from 0.03 to 0.15 with the increment of Asw = 0.0012,
and rw; is the wave-length to ship-length ratio of the local regular wave varying from 1.0 to 3.0 with
the increment of Arw = 0.025. The coefficient on the occurrence of surf-riding C2;; is defined as

1 if Fn>Fng (rwj,swi)
o 11
C2;; { 0 if Fn<Fneg (rwj,swi) ()
Fies (ryvs, svws) — W (118)

Here, Fn., represents the critical Froude number in regular waves with respect to steepness sw; and
wave-length to ship-length ratio rw; and ue, (rw;, swi) is the critical nominal speed of the ship [m/s].
Hereafter, the authors omit to show the dependencies of ue, on (ry;, swi). The critical nominal speed
of the ship, ucr, is estimated based on Melnikov’ method (Section 10). If the ship uses propeller(s)
as the propulsor(s), the relationship between the critical nominal speed of the ship and the critical
number of revolutions of the propeller(s) np ¢ is defined as

Te (ucr;nP,cr) -R (ucr) =0 <119)

where Ty (u;n) is the propeller thrust in calm waters [N], R (u) is the ship resistance in calm waters
[N], u is the speed of the ship [m/s], and n is the number of revolutions of the propeller(s) [1/s]. The
propeller thrust and ship resistance should be balanced in calm waters. In addition, the propeller
thrust in calm waters, T, (u;n), is approximated as

T, (i) = (1= t) pup Dy {0 + w1 Jp (s e) + 2 [ ()|} (120)

2 2
= TpoNp + TP1UNP + TP2U
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Table ITI. Wave scatter table used in the SGISC [44]. The total number of
occurrences is 10°.

a9 3.5 4.5 5.5 6.5 7.5 8.5 9.5 10.5
HS [m]
0.5 1.3 133.7 865.6 1186.0 634.2 186.3 36.9 5.6
1.5 0.0 29.3  986.0 4976.0 7738.0 5569.7 2375.7 703.5
2.5 0.0 2.2 1975 2158.8 6230.0 7449.5 4860.4 2066.0
3.5 0.0 0.2 34.9 695.5 3226.5 5675.0 5099.1 2838.0
4.5 0.0 0.0 6.0 196.1 1354.3 3288.5 3857.5 2685.5
5.9 0.0 0.0 1.0 51.0 498.4 1602.9 2372.7 2008.3
6.5 0.0 0.0 0.2 12.6 167.0 690.3 1257.9 1268.6
7.5 0.0 0.0 0.0 3.0 52.1 270.1 594.4 703.2
8.5 0.0 0.0 0.0 0.7 154 97.9 255.9 350.6
9.5 0.0 0.0 0.0 0.2 4.3 33.2 101.9 159.9
10.5 0.0 0.0 0.0 0.0 1.2 10.7 37.9 67.5
11.5 0.0 0.0 0.0 0.0 0.3 3.3 13.3 26.6
12.5 0.0 0.0 0.0 0.0 0.1 1.0 4.4 9.9
13.5 0.0 0.0 0.0 0.0 0.0 0.3 1.4 3.5
14.5 0.0 0.0 0.0 0.0 0.0 0.1 0.4 1.2
15.5 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.4
16.5 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1
B s 125 135 145 15.5 16.5 17.5 185
HS [m]
0.5 0.7 0.1 0.0 0.0 0.0 0.0 0.0 0.0
1.5 160.7 30.5 5.1 0.8 0.1 0.0 0.0 0.0
2.5 644.5 160.2 33.7 6.3 1.1 0.2 0.0 0.0
3.5 1114.1 337.7 84.3 18.2 3.9 0.6 0.1 0.0
4.5 1275.2 455.1  130.9 31.9 6.9 1.3 0.2 0.0
5.9 1126.0 463.6  150.9 41.0 9.7 2.1 0.4 0.1
6.5 825.9 386.8 140.8 42.2 10.9 2.5 0.5 0.1
7.5 524.9 276.7  111.7 36.7 10.2 2.5 0.6 0.1
8.5 296.9 174.6 77.6 27.7 8.4 2.2 0.5 0.1
9.5 152.2 99.2 48.3 18.7 6.1 1.7 0.4 0.1
10.5 71.7 51.5 27.3 114 4.0 1.2 0.3 0.1
11.5 31.4 24.7 14.2 6.4 2.4 0.7 0.2 0.1
12.5 12.8 11.0 6.8 3.3 1.3 0.4 0.1 0.0
13.5 5.0 4.6 3.1 1.6 0.7 0.2 0.1 0.0
14.5 1.8 1.8 1.3 0.7 0.3 0.1 0.0 0.0
15.5 0.6 0.7 0.5 0.3 0.1 0.1 0.0 0.0
16.5 0.2 0.2 0.2 0.1 0.1 0.0 0.0 0.0
where
u (1l —wp)

Jp (u,n) = 7nDp (121)

Tpo = o (1 — tp) pDy* (122)

1 = k1 (1 —t,) (1 — wp) pDp? (123)

mpe = kg (1 —1,) (1 wp) PDp2 (124)

where Jp is the advance ratio; ¢, is the approximate thrust deduction factor; wy is the approximate
wake fraction; kg, k1, and ko are the approximation coefficients for the approximated propeller thrust
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coefficient in calm water; and 7pg, Tp1, and Tpsy are the approximation coefficients for the approximated
propeller thrust coefficient in calm waters as functions of u and n. The ship resistance in calm waters,
R (u), is approximated by the quintic polynomial as

R(u) = riu+ rau® + rzu® + ryu’ + rsu®, (125)

where 71, ro, 13, T4, and r5 represent the regression coefficients for the ship resistance in calm waters.
In addition, the amplitude of the wave surging force by the local regular wave fyy;; [N] is estimated as

fwij = pgki—2/Fci? + Fs;2 (126)

2
where
Hij = SVVjTWiL (127)
2
;= 12
hw rwil (128)
N
. 1
Foi = Z 0xmAs (Tm) sin (kw; Tm) exp [—kal-d (wm)] (129)
m=1
N
1
Fy; = Z 0xm As () cos (kwi Tm ) exp [—zk\md (xm)] (130)
m=1

where H;; is the height of the local regular wave [m], kw; is the wave number of the local regular wave
[1/m], Fe; and Fg; represent the parts of the Froude—Krylov component of the wave surging force
[m], m is the index of a station, N is the number of stations, and x,, is the longitudinal distance from
the midship to the station m [m] (positive to the bow section). Furthermore, dz,, is the length of the
ship strip associated with the station m [m], Ag (z,,) represents the area of the submerged portion
of the ship at station m in calm waters [m?], and d (z,,,): the draft at the station m in calm water
[m]. Therefore, the critical number of revolutions of the propeller(s) ne, (sw;j, rwi) is directly derived
from Melnikov’s method shown in Section 10 as

Te (ciyner) — R (¢) 64 1024

+ 8anoNer + 8anv1 — 4mane + —ams — 12wang +

2
i fij 3 15

ans — 0 (131)

where

TP1
ano = — (132)
V. fwij kwi (M + M)

ayy = + 2racwi + 3raciy; + 4racly; + 5rsciy; — 27pacwi (133)
V fwii kwi (M + M)
ro + 3rgewi + 6racly; + 10rsciy; — T

— 134
a2 lews (M + M) (134)

rg + 4ryewi + 10rsc,.
amz = — ATW 53W1 Fwis (135)
Ky (M + My)

T4 + OT5CW;
_ 136
k2 (M—i—Mz)QfW] (136)

,
ams = > \/ fWij3 <137)

ewi = 1|2 (138)

Here, M: the mass of the ship [kg], M,: the added mass of the ship in surge [kg], and cw;: the
wave celerity of the local regular wave [m/s]. Sakai et al. has shown that Eq. (131) is a quadratic

614



equation of n. and that the larger solution is appropriate for the critical number of revolutions of
the propeller(s) if Eq. (131) has two real solutions [45]. The critical nominal speed of the ship uc, is
obtained by Eq. (119).

Notably, Eq. (131) is completely identical with the estimation formula of the surf-riding threshold
(Eq. (89) in this paper), as shown by Maki [16].

15. Conclusion
This paper presented a comprehensive review of almost all analytical formulae proposed so far for

estimating the surf-riding threshold. The equation of motion governing the surge motion of vessels in
following seas is not directly solvable because of its nonlinearity. To address this difficulty, approximate
solution methods were used along with a numerical solution approach. The results show that the
proposed methods were able to capture the qualitative trend of the surfing threshold. Among them,
the approximate estimation method based on Melnikov’s method could quantitatively capture the
trend of the surf-riding threshold. Finally, the interconnection between the prediction formula rooted
in Melnikov’s method and its relevance with IMO’s SGISC was comprehensively explained.
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